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COMPOSITE ALGORITHM FOR SOLVING SPLIT
VARIATIONAL INEQUALITY PROBLEM AND SPLIT
VARIATIONAL INCLUSION PROBLEMS

Jin-Lin GUAN!

This paper aims to investigate a new composite algorithm for solving a split
variational inequality problem and a split variational inclusion problem in real
Hilbert spaces. Under very mild conditions, we prove a strong convergence theorem
for the proposed algorithm. Furthermore, an application is given to illustrate the
effectiveness of the algorithm. The results improve and extend the corresponding
ones announced by some others in the earlier and recent literature.
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1. Introduction

Throughout this paper, let H be a real Hilbert spaces with inner product
(-,-), and C be a nonempty closed convex subset of H. Fix(T) is denoted as the set
of fixed points of a nonlinear mapping T. We use x, — x and x,, — x to indicate
the strong convergence and the weak convergence of the sequence{xn} to X,
respectively.
First, we recall some notations which are needed in sequel. A mapping
T:H— His called:
(@) nonexpansive if
ITx =Tyl < llx —yll, Vx,y €H;
(b) firmly nonexpansive if
(Tx —Ty,x —y) = ||Tx — Ty||>, Vx,y € H;
(c) a-inverse strongly monotone if there exists a positive constant a such that
(Tx — Ty, x —y) = a||Tx — Ty||?>, Vx,y € H.

A multi-valued mapping B : D(B) € H — 2" is called monotone if, for all
X, Yy € D(B), ue Bx and ve By such that
(x-y, u-v)>0.
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For every point xeH, there exists a unique nearest point in C denoted by
Pc x such that
llx-Pe x| < [lx-yll, VyeC.

Pc is called the metric projection of H onto C. It is known that Pc is
nonexpansive mapping and satisfies the following inequalities:

(x-Pcx, y-P-x)< 0, Vx€H, yeC,
||PCX'P2C)’||2§<X2')/, ch'Pg)’), Vx, yEH,
1Pcx-yll= < llx-ylI*-llx-Pcx||*, Vx€H, yEC.

Let V : C —H be a single-valued continuous self-mapping, the

variational inequality problem (VIP) is to find u € C such that
(Vu, v-u )>0, VveC,
the set of solutions of the VIP (1) is denoted by VI (C, V).

Variational inequality theory has emerged as a great important tool in
studying a wide class of unilateral, obstacle, equilibrium problems arising in
several branches of pure and applied sciences in a unified and general framework.
Subsequently, Censor et al. [1] introduced the following split variational
inequality problem (SVIP): find a point x*, satisfying

x €VI(Cy,f) and Ax"€VI (C,, g), 1)

where C; is nonempty closed convex of H; (i=1, 2), f, g are two inverse strongly
monotone mappings and A is a bounded linear operator of H, into H,. For solving
SVIP (1), they introduced the following algorithm:

X1 = Pe, (A1) (x,+ y A" (Pey(I-4 g)-1 )Ax,), VneEN, ()

under some mild restrictions on the parameters, they proved that the sequence {x,}
generated by (2) converges weakly to a solution of SVIP (1).

A monotone mapping B is maximal if the Graph(B) is not properly
contained in the graph of any other monotone mapping. It is well known that a
monotone mapping B is maximal if and only if for (x,u) € D(B) X H,{(x —
y,u —v) = 0 for every(y, v)eGraph(B) implies that ueBx.

Let B : Dom(B) € H — 2" be a multi-valued maximal monotone mapping.
For some 4>0, the resolvent operator J:H,—Dom(B) associated with B is defined
by

JEx = +B)'(x), VxeH,
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where | stands for the identity operator on H,. Observe that for all 1>0, the
resolvent operator J7 is single-valued, nonexpansive and firmly nonexpansive.
Split variational inclusion problem has already been used in practice as a
model in intensity-modulated radiation therapy treatment planning; see e.g., [2, 3].
This formalism is also at the core of the modeling of many inverse problems
arising for phase retrieval and other real-world problems, further, in sensor
networks in computerized tomography and data compression; see e.g., [4, 5] and
references therein.
In 2011, Moudafi [6] introduced the following split monotone variational
inclusion problem (in short, SMVIP): find x* € H; such that
{ OEflx*-irle*, 3)
y*=Ax" € H,:0 € f,y" + B,y",

where fi:H; - H; and f,:H, - H, are two given single-valued mappings,
A:H; - H, is a bounded linear operator, B;: H; — 21 and B,: H, — 2!z are two
multi-valued maximal monotone mappings.

If 1 =0,f, =0, then the problem (3) reduces to the following split
variational inclusion problem: find x* € H; such that

{ OEle*, (4)
y* = Ax* € H,:0 € B,y".
Subsequently, Byrne et al. [7] proved a weak and strong convergence of
the following iterative method for problem (4): for given x, € H, and 1 > 0,
compute the following iterative sequence:
X1 = 13" [n + €A (J;7 = D Axy).
Recently, Sumalai et al. [8] studied a new split variational inclusion
problem:
{ 0EKx",
Lox®™ € Hy:0 € Ky (Lgx™),

where L,:H - H, is bounded linear operator for every a =1,2,-:-,N, K:H —»
2" and K,,: H, — 2H« are multi-valued maximal monotone mappings. Moreover,
they introduced the following scheme:

N
Znsr = I 800+ (1= D 0, , G = Ml = J1% M Lazn)].
a=1
As a result, they proved a strong convergence of the algorithm above under
appropriate assumptions on the parameters.
Let F: C xC — R be a bifunction. The equilibrium problem for F is to find
z€C such that
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F(z,y)>0, VyeC. (5)
The set of all solutions of the problem (5) is denoted by EP(F), i.e.,

EP(F)={zeC: F(z,y) > 0,VyeC }.

Very recently, Zheng et al. [9] proposed a new composite split problem:
find x"€C such that

X €VI(C, f,) N EP(y), Ax €VI (C, f,) N EP(p),
where f;,f, are two inverse strongly monotone mapping and i, ¢ are two
bifunction. In order to solve the split problem, they proposed the following
algorith

Xy =Pel-af) T} [y, ut(1-9,)(6,-BA" (Axy-Po(I-00f,) T Ax,))].

As a result, they proved a strong convergence of the algorithm above under
appropriate assumptions on the parameters.

Motivated and inspired by the results above, we introduce a new algorithm
for solving problem (1) and problem (4). Under some suitable assumptions, a
strong convergence of the proposed algorithm is proved for solving a split
variational inclusion problem. Finally, we apply the main results to solve a split
convex optimization problem.

2. Preliminaries

In this section, we first recall some lemmas which are needed in sequel.
Lemma 2.1. ([10]) Let a multivalued mapping K: Dom(K) € H — 2" be
monotone, then for all zeRan(/+uK) with >0, we have

K 2 2 K_12
Iz - sl|= < |z - s[|*- ||z - T =] %,

where sel'= K (0) # ©.
Lemma 2.2. ([11]) Let K be a nonexpansive mapping on a closed convex subset
C of a real Hilbert space H. The mapping I-K is said to be demiclosed on C, if for
any sequence z, in C, such that z,—s€ C and (I-K) (z,) — s*, we have (I —
K)(s) =s".
Lemma 2.3. ([12]) Let H, be a real Hilbert space. Then, the following inequality
holds:

letyll? < Nlxl1? + 20, x + ), Vx,y €H,.

Lemma 2.4. ([13]) Let /: C—H, be an inverse strongly monotone operator. Then
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ueVI(C,f) e u=Pcu-Afu), YAi>0O0.

Lemma 2.5. ([14]) Let  C—H, be an a-inverse strongly monotone mapping.
Then, for all x, yeC and 4 > 0, one has

T2 oA f WP < Nleyll? + 2020 o Y112

In particular, if 1€(0, 2a], I-4 f: C—H, is a nonexpansive mapping.
Lemma 2.6. ([15]) Let {a,} be a sequence of nonnegative real numbers satisfying
the following relation :
an+1§ (1—9,,) an+0na n 2 09
where {6, } is a sequence in (0, 1) and {o,} is a sequence in R such that
(i) X1 6, = oo;

(i) lim supn_mzl <0or X, |0, <.
n

Then, lim a, = 0.

Nn—»00

3. Main results

In this section, we introduce a new algorithm to approximating a common
solution of problem (1) and problem (4). Let Q, and Q, denote the solution set of
problem (1) and problem (4), respectively. Subsequently, we give the main results
of the following algorithm.

Algorithm 1 Let ueH, be a fixed point and choose an arbitrary initial
point xo€H;. For neN, let {x,} be a sequence of H; generated by:

Z, =X, _ﬂA*[AXn - PQ(I _azg)‘]E;AXn]’
yn:PC(I_alf)"]il[ynu-i_(l_]/n)zn]’ (6)
Xn+1:(1_j“nxn)+ﬂ‘nyn'

Assume the following conditions hold:
(i)0<a1§2k,0<0c2§21;
(i) 0 < <00, 0 <p, <00 ;

(i) 0<p=< ||Al||2 ;

- . . _ s} _ . Yn Vi1 .
(iV)O<y <limsup _ y <1, 21_1)130 7, = 0,257, = %, hzn— =0;

n

(V) 0 < liminf  A,<limsup  1,<l.
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Theorem 3.1. Let H;, i=1, 2 be real Hilbert spaces and C, Q be nonempty closed

convex subsets of H, and H,, respectively. Assume that B,, B,: H;—2"" are two
maximal monotone operators and f, g are k, I-inverse strongly monotone
mappings, respectively. Let 4: H,—H, be bounded linear operators with adjoint
operators 4°. Assume that I'=Q,;N Q, # @, conditions (i)-(v) hold. Then the
sequence {x,} generated by Algorithm 1 converges strongly to the point p =Pru.

Proof. First, we claim that the sequence {x, } generated by (6) is bounded. Indeed,
take p = Pr, then p €VI(C,f) , Ap €VI(Q, g), pEFix (J,) , ApEFix (J,2).
Set unZJézAxn, vi=Po(l- a3 @) uy, w,=y ut (1-7.)z,, 1,= J/ﬁ‘wn . Since Py(I-
09), Jéz IS non-expansive and J,fi2 is firmly-nonexpansive, we deduce:
llety-Apll = 1> Ax,-J 2 Apl| < || Ax,-Apll,
12,-pll = 12 w,-J 2 pll < Hlw,pl, (7)
IVa-Apll? = |Po(-02) J;o> Ax,-Po(I-028) J,o> Ap|?
< W2 Ax,~J, 2 Ap||?
< N Ax,=Apll> = N4, |I*. (8)
From (6) and (7), we have
lx1- Pl = 1(1-4,) x4, - Pl
< (I-2)llx- pll + Aally,- Pl
< (-2)Ixn = pll + AnllPcU-a1 ) L,- pll
< (I-A)Mlx5 = pll + An|lZ,- Pl
< (1-2)llx,- pll + Anllw,- pll. 9)

In addition, we observe that

(Axn'Apv vn'Axn>: (vn'Aps vn'Axn)'”Vn' Axn”2

1 2 2 2 2
:E(”vn'Ap” +”vn'Axn” '”Axn'Ap” )_ ”vn'Axn” ’
it follows from (8) that

1
(Axn'Apa Vn'Axn)Sz (”Axn'Apllz'”un'Axn ”2+”vn'Axn ”2'”Axn'Ap”2)

1 1
:'5”un'Axnllz_z”vn'Axnllz' (10)
From (10), we have
”Zn-p”Z:”Xn-ﬂA (Axn'vn)'pllz .
:”Xn'pllz'zﬁ(Axn'Apa Axn'vn>+ﬁ2 ”A2 (Axn'vn) ” 2
<=1 2Bl etg=A, [P+ ViAo, [|)+B 1411 | A, -v, |1
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= [, plI>-Bllu,=Ax, |12-BA-BIAN) | Ax,v, ||
<|lx,pll*. (11)

By the definition of w,, it follows from (11) that
lw,- pll = ly,u+ (1-7,) z,- pl|
<=y )Mlzp- pll +7,llu - pl|
< (- y)x- pll+ 7, llu- pll- (12)
In view of (9) and (12), we obtain
IXp+1-Pll < (T-A)Ixp-pll+24 | wepl
< (L-A)xe- Pl + 24, [CL- y ) xa- Pl + 7, |l - pII]
= (A xapll+ 2,7, lu-pll
= max { |, pll, [lw,pll}

< max { |lxo-pll, llw,pll},
which implies that {x,} is bounded, and so are {u,},{v,}, {w,},{/,} and{y }.

From (6), we deduce

”Zn+1' Zn”2 = ”an' Xn- IB[A*(Axn+1' vnﬂ)'A*(Axn' Vn)]llz
= ”xn+1'-xn”2'2ﬁ(Axn+l' Axn ’ Ax;1+1'Axn' (Vn+1'vn) )
1A (A= Vie)A (A vl
< ”xn+1'xn ”2+2ﬂ<Axn+l' Axn ’ Vn+1'vn'(Axn+1' Axn))
FBNAN V1= = (Axer= Ax,)1
= ”xn+1'xn”2+ﬂ2”A”2”Vn+1'Vn'(Ax11+1'Ax11)||2
+ﬂ(|lvn+l'vn”2'”Vn+1'Vn'(Aan'Axiz)llz'llen+1'Axn||2
= P12 128 CBAP-1)1V1 v, (A1 4,12
+ﬂ (”Vn+1' anlz'lle11+l'Ax11||2 )
< X1 Xl 248 (V1= vall?= [l A1 A%, 12). (13)
Meanwhile

1Vis1= vall = 1Po (-008) J > AX,ys1-Pg (I-028) 2 Ax,y || < (| Axps1- A,

which together with (13), implies that
”ZnH'Zn” s ”xnﬂ - xn”'
Next, from (6), we estimate

”xn+1' xn” = ”(l'j'n) xn—H'n yn'(l'j'n—l) xn—l'in—l Y1 ”
= [1-A) ConXn-1)-Gn2one) Xt H 2,0, )T Con2n1) 3,4
< (l'in)”xn'xn—l ” + Mn'in—l | ”xn—l ” + j'n”yn'yn_l ” + Mn' /1;1—1 | ”yn-l ”
=< (2= X 1 F 2= Apet [My+ A1, = 9, (14)
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where M} = sup . { [[x,1 1l + 1y, I}
In addition, we observe

1Y,9,1 | = 1P f) I [y,u + (1-7,) 2,)-Pc=o1 ) I [, ut(1- 7, ) Z
<y, ut(1-y,) z,]-[y,,u + (1-y, ;) Zp1]ll
= ”(yn-yn—l) u+(1-yn) Zn]'(l'yn_l) Zp-1 ”
<17,y 1l + [zt IDF L=y Dl z0= Zpa |l
< (T lzam zoa I+, - v, 1Mo
< -y )= Xt l1Hy, - 7, [ Mo, (15)
where My=sup . { |lull+ ||z, ||}- From (14) and (15), we have

||xn+1'xn ” < (l'ili)llxn'xn-l ”+|/1n'/1n-1 |M1+/1n[(1'yn)”xn'xn-l ”+ |yn_yn-1 |M2]
< (l'j'nyn)”-xn'xn-l ”+Mn- j*n-l |M1+|yn'yn_1 |M2 (16)

Applying Lemma 2.6 to (16), we deduce that
lim [|x,.41- x, || = lim 4, ||y, - x,|| = 0. (17)

Take into account of (9) and (12), we have

1P IP= 1(1-2,) %, 42, 3,212
< (1A Pl 242, 1Ly, plI?
= (LAl pIPH 21 Pe- a ) LplI?
< (l'ln)llxn'p||2+/1n ”Zn'pllz
= (-2 plIP 42 1, Wi p 1

< (12D Pl wap 13- Wi wa 1)
< (1A 12+, lu-p 1 P+(1-p Dxp 112 W wa 1),
which implies that

/ln”J;ﬁ] Wn'wn”2 < (1"1r1)||xn'p||2 + ’ln(l' yn)”xn'pllz'”an'p”2+/1nyn”u'p”2
< b= pIIZ= Pxsr- I 20, llu- plI?
= (b= 2l 1= PID 1%0a1= Xall+ 2ay, Nl I (18)
Notice thatlim y =0 and{x,} is bounded. In view of (17) and (18), we deduce
Lim |77 w,-w, || = lim [|Z,-w,|| = 0. (19)
Owing to (11) and (12), we have

261- PII% < (1- 2,) 1= pIIZ + Ay, - pII?
< (1'/1n)||xn'p”2 + inHPC(]'alf) Zn'pllz



Composite Algorithm for Split Variational Inequality Problem 195

= (1- 2)lxa- P + Al - pII?
< (1' j~n)”xn'p”2+ j~n”J£1 Wp= J/ﬁlpllz
< (1- 2l pl12+ A llw- plI?
< (1- 2= pI P+ 2y - pIP+(1- y llza- P17
< (1- 21 x- pIIP+ 2y || - plI?
201y, )= PIN2-BI 02 Ax,=Ax, |[2-BA-BI AN [[v,-Ax, |1 2]
< =PI+ Ay, - Pl 220 (1 = V) [BIV,02 Ax,=Ax, ||
+ B (1-BIAN) [Iva- Ax,[I7]-
It follows that
0 < Bhn(1- p > A=, |12+82,(1- 7, )(1- BIAN D1V, A, ]I
< 1= PI-lxpe1- PIPH Ay, Nlu- plI?
< (I 1%51= DX 1= X1+ 2, 7, - > — 0.
Hence
lim ] v,- Ax,[| = ,}i;gollJ,izAxn-Axnll =0, (20)

lim [|P(F-00) J 22 A%, - Ax, || = lim |Po(l-cz @) - Ax, | = 0.

Notice that ||z,- x,|| < Bll4|l1|4x,- v,||- From (20), we obtain that
lim||z, - x,|| = 0. (22)

Combining (17), (19) and (20), we have

hm”PC(I'alf) Xn= xn” =0,
and
”Wn'xn” = yn”U' xn”+ (1' yn)”Zn' xn” - 0. (22)

Write x"=Pru. Next, we prove limsup, _ (u-x", w,-x )<0. Indeed, since {w,}
is bounded, there exists a subsequence {w,} of {w,} such that limsup
<u -X",W, —x*>= Iimi%<u — X*,W, —x*> and w, —p , i—o0 . In view of (17), (21)
and (22), we have x,,—p, z,,—p,y, =P, l,,—D, Ax, —~Ap and u, —p. Moreover, it
follows fromx, —p and ||Pc(I-a, f) x,,~x, |[—0 that pEVI(C, /). Likewise, it
follows from u, —~A4p and 1Py(I-0,g) u, -u, |1—0 that APEVI(Q, g), thus HEQ;. On
the other hand, by w,—p, lim ||/ w,-w,|| =0 and Lemma 2.2, we have
n—a0
PE Fix (J,1). Moreover, by Ax, —Ap, lim ||J;2Ax,-Ax,|| = 0 and Lemma 2.2, we
n—-oo

have ApEFix (J,2), thus, pEQ,. Therefore, peT.
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Furthermore, we note that
limsup(u-x", w,~x")= (u-x", p-x") = (u-Pru, p-Pru)< 0.

n—00

Finally, we claim that x,— x". Indeed, From (6) and Lemma 2.3, we deduce
11X 112 = 1(1-A,) x4, 3,7 ||
< (2P P42 1y, - %7117
< (V-A) =" 12 +A, 114 7|12
< (1'/1n)||xn'x*”2+/1nllwn'x*”2
< (L) =" 1P+ 1y, (- (1=, (2=
< (- =" 1P+ LI (-, )X P20y, (x), wy=x7)]
< (LA X P42, 1y Mz %7 112427, Apfu=x”, wy=x")
< (LA = X 1242, (1- p ) x 11242y, Ay (u-x, w,=x7)
<(1-4uy,) |Ix,-x" ||2+2yn Inu=x", w,=x"). (23)
Applying Lemma 2.6 to (23), we obtain ,}Elgoﬂxn-x*ﬂ = 0. This completes the
proof.

Remark 3.1. Compared with Theorem 3.1 of Zheng et al. [9], our Theorem 3.1
extends, improves and develops it in the following aspects:

(i) Our iterative scheme is more general than it in [9]. Especially, a Mann
iteration scheme is added to construct our iteration process, which is not applied
in [9].

(i1) The result in [9] can only be applied to solve a split variational inequality
problem and a split equilibrium problem, while our result can be applied to solve
a split variational inequality problem and a split variational inclusion problem,
which makes our result more applicable and valid.

4. Application

In this section, by applying Theorem 3.1, we prove a strong convergence
theorem for approximating the solution of the standard constrained a split convex
optimization problem.

Let C be closed convex subset of H. The standard constrained convex
optimization problem is to find x*€C such that

/(") =minf (), (24)
where f: C—R is a convex, Fréchet differentiable function. The set of the
solutions of (24) is denoted by @
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Lemma 4.1. ([16]) (Optimality condition) A necessary condition of optimality
for a point x"€C to be a solution of the minimization problem (4.1) is that x*
solves the variational inequality

(VF(x"), xx7)>0, (25)
for all xeC. Equivalently, x"€C solves the fixed point equation

x'=Pc (I-Vf) x",
for every A> 0. If, in addition, f is convex, then the optimality condition (25) is
also sufficient.

Theorem 4.1. Let H;, i=1, 2 be real Hilbert spaces and C, Q be nonempty closed
convex subsets of H, and H,, respectively. Assume that B,, B,: H;—2"" are two
maximal monotone operators. Let /: C—R and g : O—R be real-valued convex

functions with the gradients Vf'and Vg are Li and Li -inverse strongly monotone
f g

and continuous with L, L,> 0. Let 4: H1—>H2 be bounded linear operators with
adjoint operators 4. let {x,} be a sequence of H generated by:

Algorithm 2 Let ueH, be a fixed point and choose an arbitrary initial point
xoEH,. For neN, let {x,} be a sequence of H, generated by:

Z, =X, _ﬂA*[AXn - PQ(I _azvg)‘]iz AXn]’

y, =P.(l —alVf)JZl[ynu +(L-7.)z,], (26)
Xy =@=24.X,)+4,Y,-

1
Lg

Assume Q1= {x €D, AYED}, T1=QNQ; # 0, 0<oy<2+,0<0,<2
y

and conditions (ii)-(v) hold.
Then the sequence {x,} generated by algorithm (26) converges strongly to the
point p=Pru.

Proof. Since the gradients Vfand Vg are Li and Ll -inverse strongly monotone, by
I g

using Lemma 4.1 and Theorem 3.1, we obtain the desired conclusion directly.
5. Conclusions

We not only extend the iterative algorithm of \cite{9} by adding a Mann
iteration scheme to construct our iteration process but also apply our algorithm to
a split variational inequality problem and a split variational inclusion problem,
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which makes our results more applicable and valid. At last, we give an application
of the modified algorithm to a split convex optimization problem
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