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GLOBAL SMALL SOLUTION TO A CLASS OF
CAHN-HILLIARD EQUATION WITH NONLINEAR
DIFFUSION

Yurong BAO', Huanzhang SUN?, Xiaopeng ZHAO*

In this paper, we consider the properties of solutions for the Cauchy
problem of a class of Cahn-Hilliard equation with nonlinear diffusion de-
scribing the dynamics of phase transitions in ternary oil-water-surfactant
systems. We prove the existence of a unique global-in-time solution,
analyticity and decay estimates with small initial data in Wiener space
X = E\%Exo n L,%:X:Q
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1. Introduction

In [4, 5], Gompper et al. introduced the free energy functional

Flu} = / {f(u) + %a(u)|Vu|2 + g|Au\2 dz,

where u(x,t) implies the local oil-water concentration difference, ¢ is the second
gradient energy coefficient from non-local expansion [3], a(u) is the first gra-
dient coefficient (possibly sign-changing), and f(u) is the free energy density.
In the classical Cahn-Hilliard theory, u is conserved, satisfying

Ut—f-VJ:O,

with flux j = —Vu, and chemical potential p = g—i. This yields the sixth-order
Cahn—Hilliard equation:

up = A [§A*u — a(u)Au — 1d' (u)|[Vul* + f/(u)] . (1)
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Typical choices for f(u) include the Flory-Huggins logarithmic potential or
a multi-well potential for three-phase coexistence (oil, water, microemulsion).
With oil-water symmetry, f(u) = (u + 1)*(u® + ho)(u — 1)* [8, 9]. For in-
creasing amphiphile strength, a(u) becomes negative in the microemulsion
phase and is approximated by a(u) = ko + ru? with x; > 0 [8, 10]. The
coefficient 6 > 0, with 6 > 0 giving a sixth-order model. In recent years,
the initial-boundary-value problem of equation (1) has attracted considerable
attention from mathematicians, particularly regarding well-posedness and as-
ymptotic behavior (see, e.g., Pawlow and Zajaczkowski [8, 10, 9], Schimperna
and Pawlow [12, 11], Liu and Wang [7], Zhao [17], and references therein).

The investigation of the the limits as 0 tend to zero provides validation
of the model as the approximates of the limit fourth order model. Here, we
consider equation (1) the fourth-order case § = 0 in R3:

u + A [a(u)Au+ 1d' (w)|Vul> = f'(u)] =0, (2)

which corresponds to the Cahn-Hilliard-de Gennes model for binary polymer
mixtures [11]. Using f and a as above, the Cauchy problem of equation (2) in
R? becomes

uy + KoA*u — 2(1 — 2hg)Au
= —A [kiu*Au+ K| Vul® — (6u° — 8u® + 4hou?)] (3)
u(z,0) = up(x).

Recently, Zhao [18] investigated the well-posedness and asymptotic be-
havior of problem (3) in Sobolev space. By employing higher-order norm
estimates of solutions together with a mollifier technique, the author estab-
lished the local well-posedness of strong solutions. Furthermore, using a pure
energy method combined with a standard continuity argument and negative
Sobolev norm estimates, the author proved global well-posedness as well as
time decay estimates, under the assumption that the H*norm of the initial
data is sufficiently small. In addition, by means of a parabolic interpolation
inequality, a bootstrap argument, and certain weighted estimates, the author
also obtained space-time decay estimates for strong solutions.

Since this paper considers problem (3) in the Wiener space, we first briefly
introduce it. Lei and Lin [6] were the first to introduce the space

Yo = {u e Sk, x B [ 6P latc.o)lde < oo},

and they established the global existence of mild solutions for the 3D incom-
pressible Navier—Stokes equations with small initial data in x_;. Subsequently,
Wang and Wang [13] proved the global existence of mild solutions for the MHD
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equations in y_;, while Ye [16] extended the study to generalized MHD equa-
tions in x1_24 with @ € (1,1). In another development, Bae [1] introduced the
following time-dependent spaces

X1 = {u c 8'(Ry x R?): /R sup |[€]7a(E, )] d < oo} ,

3 0<t<o0
xlz{ues'<R+ «w): [ [ m<g,t>|dtds<oo},

and used them to reprove Lei and Lin’s result. Following Bae’s approach [1],
Wang and Li [14] investigated the global existence and analyticity of solu-
tions for the 3D generalized Hall-MHD system, and Xiao, Qiu, and Yao [15]
studied the 3D regularized MHD equations with fractional Laplacians in the
dissipation and diffusion terms. Bae and Lee [2] demonstrated the existence of
a unique global-in-time solution, Gevrey regularity, and decay properties for
active models with small initial data in scaling-invariant spaces. In contrast
to the method of Lei and Lin [6], Bae’s method [1] does not allow for a precise
characterization of the initial data size in terms of the viscosity coefficient, but
it can be used to prove analyticity of the solutions.

We now choose appropriate functional spaces to solve problem (3) under
the assumptions kg > 0 and hy < % Define the time-dependent Wiener space

x%:{ueg@+xR%:A;mmagﬂmg<u}.

If s =0, then X" is a Banach algebra with X° C L*°. Next, define the time-
dependent function spaces
<m},
Ly

£ €8 Nl = || fus [6F1F (2, )] de]
F8 Wflgp, = fuslel |00 de <o)

In this paper, assuming that the initial data uy € X°, we consider problem
(1.1) in the space

L5,

Ly X,

X = LFX° N LLX2.
Our first main result on the existence and uniqueness of global-in-time solutions
for problem (3) is stated as follows.

Theorem 1.1. Let kg > 0, hy < % There exists a constant €g > 0 such that
for any initial data ug € X° with ||ug||xo < o, there exists a unique global-in-

time solution u € X with ||ul|x, < Cey for all T > 0.

Remark 1.1. In [18], the author proved that if uy € H*(R3), there exists a
global strong solution for problem (8). Moreover, it is not hard to see that if
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the initial data are in the Sobolev space H®, s > %, then they are also in the
space X° (however, this is false for s = %) Hence, Theorem 1.1 can be seen
as an improvement of [18].

Besides, we establish the following result on the analyticity of solutions
for problem (3).

Theorem 1.2. Let kg > 0, hg < 3. Assume that U(t) :eﬁ(mﬂﬂ 2(1_2h°)A)u,
where A=+/—A. Then there exists £9>0 such that if ug € X° with ||ug||xo <o,
there exists a unique solution U € Xr with |U||x, < ||uol|xo for all T > 0.

In the end, we show the following theorem on the time decay estimates
for problem (3).

Theorem 1.3. For each k € N, we have ||V*u(t)|x, < Ci(\/2(1 — 2hy) t)_k,

where C}, is a positive constant depending on k and €q.

The paper is organized as follows. In Section 2, we present the proof of
Theorem 1.1, which concerns the global well-posedness of solutions. Section 3
is dedicated to demonstrating the analyticity of solutions, as stated in Theorem
1.2. In Section 4, we prove Corollary 1.3, also regarding solution analyticity.
Finally, we adopt the notation A < B to mean A < ¢B, and A >~ B to mean
A = ¢B, where ¢ > 0 denotes an absolute constant.

2. Proof of Theorem 1.1

To find solutions in the space Xr, we rewrite equation (3); in its integral
formulation

u(t) — et(fﬁoA2+2(172ho)A)u0

t
—/ e(t=9)(—roAZ+2(1-2h0) &) A [R1u? Au + kyu|Vul = (6u” — 8u® 4 4hou?)] (s) ds.
0

(4)
Taking the Fourier transform of (4), we obtain

a(t, €) =etrolél'=20=2ho)le) g (£)
t
b [ R s, ) ds
0
t —_—
T / o5l 202 ¢ LT a2 s, ) (5)
0

t —
B / et=5) (=0 l€*=201=2h0) ) ¢ |2 (645 — 8o + dhou?)(s, €)ds
0

Zfl +IQ+]3+I4.



Global Small Solution to a Class of Cahn-Hilliard Equation with Nonlinear Diffusion

167

We will bound I;-14 in the following one by one. Note that

/oo |£’2675(_”0‘£|4_2(1_2h0)|§|2>dt S C’ /oo ‘5’4615(—&0\§|4_2(1—2h0)|§|2>dt S C.
0 0

Hence, I satisfies

2|y =

et(—fio\§|4—2(1_2h0)|£|2)220(§) HI)C 5 ||’LL0 HDCO'
T

Next, using (6), taking L norm to I, it yields that

T —
sup 11l 5 [ ([ 1Bt = mlits,n = it

0<t<T

o [t g = mllSu(s.n = s, O ldc
1Bt = lats.n - OIS, Oldc ) dsds

T
< N I 101, _ #1210
< [ ([ = nPln = cPIeP + ke =l - ¢Pic

+[& —nl°ln = ¢I°1¢I?)
- ([u(€ = n, s)l[a(n — ¢, s)l[a(¢, s)|dC) ds.
Integrating (8) in &, we deduce that

12l z, < Nullfmy, l1ull toc,-
T 7 N0

Similar to (8), by using (6), we have
T —
6Py < | (@JAMas—nmman—<MMaowc
+ [ s~ )l Butsin = Ofa(s, )¢
RS
1Bt = s n - OISt e ) s
R3
T
< 120 A0 410 01 ~12]4(0
< [ ([ e == oo+ 1 =l — Pl
=l — ¢IPICP)

- ([a(€ —n, s)l|a(n — ¢, s)|[u(¢, s)|d¢) ds.
which implies that

12l e, S Ml e, Nl 2,

(6)

(7)

(10)
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Combining (9) and (10) together gives
ol < Ml g, Nl gy S Nl (11)

The term I3 will be considered in the follwing . By using (6) , taking L3 norm
to I3 , we obtain

T
sup 112 5 [ ([ a6 = nliFats.n - OlIFats, Ol

0<t<T

+ / Suls, € — m)lfa(s,n — Ol Fuls, Old¢
RS

+ [ [Tl — ) Tt n - <>Ha<s,<>|d<) dsds
R3

T
< . 0 o o o 0
< [ ([ de=all=clit+ = nlla - Pl 1
+& = nlln — ¢lI¢1)
(e ~ . )y - ¢, 97(C.5)1dC) ds
T
< e I IR U 101, ~12],10
S [ ([ =l cPIcP + ke =l - ¢Pic

+& = n°n = ¢°1¢)
- (Ju(€ —n, 8)[[u(n — ¢, s)||u(C, s)|dC) ds,

where we have used the classical inequality ab+bc+ac < a?+b*+c¢? (Va, b, c €
R) in the above inequality. Integrating (12) in £, we deduce that

5]l z, < Null T, 1ull ety (13)
T T 0

Similar to (12), by using (6), we have

T — —
Paly S [ ([ 066 - IVl = QIO ldc
+ [ V(s € = lfats.n - Ol Vu(s, ¢l
R3

9t € =l Fats.n - Qs lac ) dsds

- ([u(€ = m, s)l[uln — ¢, s)|[u(¢, s)|dC) ds,
which implies that
sl gy S lull e, el g (14)

Combining (13) and (14) together gives

Msllaer < Ml g, Nl gz, S Nl (15)
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Besides, by using (6), taking LY to I, we obtain

sup 115 [ 16l [ (0s.€) + 6. s

< 29 — ~101~ _ 101~ _ ,,101,,]0
< [ [ de=nlln=cllc - ol = ol

+1€ = nl’ln = ¢I*1¢ = <"l = v[*u]”

+ 1€ =nl’ln = ¢°1¢ = <[*ls = v[’|u]”

+le =Pl =PI = oPls = ool

I = nPln = ¢PIC = ol = olfol?)

(s, &~ s, n ~ Qs € — slf(s, — v)[a(s, v)|duds
+ [ e=nPin =PIt +1¢ = nl°tn — PIcl

+le =Pl - PIcP)

(s, &~ m)llas,n — ) 1a(s, Oldcds.

Integrating (16) in &, we deduce that

Hall gz, S Ml e, Nl g, + el Hull g oce- (17)

Moreover, by using (6), we derive that

rwwm%s/Ww/Yﬁ@a+@@@+@@@+@@@mws
0 R3

<t o2l — ~101~ _ ~101~ _ ,,101,,]0
S [ g =nPla =%l = <Pl = oPlo

+ 1€ =nl’ln = ¢I*I¢ = <’ls = v[’u]”

I =l = Pl — <Pl — v

I =l = Pl — <Pl — vPop

I =l = ¢~ <l — vl fof?)

(s, €~ (s, — Olf(s, ¢ — <l [s, — v)[a(s, )l
+ [ [ e =ntn = CPIcI+ 1 =l = Pl
+1€=nl"ln = <1<

- ([u(s, € = m)[uls,n — O)|[u(s, ¢)|dCds.
which implies that

Ml S Ml e, Nl g, + Nl Nullzy o, (18)



170 Yurong Bao, Huanzhang Sun, Xiaopeng Zhao

Combining (17) and (18) together gives
Haller Sllullfaen, Nl g, + lull Fg, ol 2y,
Slullz, + llull, -
Combining (5), (7), (11) and (15) together, by using Young’s inequality, we
derive that
1
leller Sluollxg + lull, + llullz, < luollx, + 5 lullxy + Cllullk,.

which implies that

luller Sllollx, + [1ullz, -
Hence , if ||ugl|is sufficiently small , we can obtain

[ellx, S lluollx, S <o

which complete the proof of the existence part of Theorem 1.1.
In the following, we prove the uniqueness part. Assume that there exist
two solutions u; and us. Let u = u; — uo, then it satisfies

uy + roA*u — 2(1 — 2hg)Au
=—A [/flquu + Kru(ug + ug) Aug + ryu| Vg |2 + kiue(Vuy + Vug) - Vu

—6u(u] + uius + ujuj + uiul + uy) + (dho — 8)u(ui + wyus + uj)] .

(19)
It then follows from (19) that
luller Slluller (lull, + luzll, + el + ol el
+ % ua i, + lualler uallz, + lluzl, ) (20)

< (€0 + ) llulley-
By restricting ey in (20) further to satisfying C'(e3 + &) < 1, we complete the
proof of uniqueness.
3. Proof of Theorem 1.2

Assume that U(t,€) = eﬁ(ﬁ0|£|2+" 2(172}10)'5')@(15,@*), we easily obtain
which satisfies

)ﬁ(t,f) < e\/i(\/mg\%m/2(1—2ho)lf\)—t(m|§|4+2(1—2ho)|€\2)mo(t’§)|

N / " VA(VRIeF /I a)e]) ) (olel 42020 eP)
0

/ [|’<1@|+\/‘61m2|+ 605 — 85 + 4hoi®
R3

} (s) de ds.
(21)
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24 . /9(1— _t 4 _ 2
Since the expression e\/i<\/m£| HV/21=2ho)le]) = (molel+201-2ho)lel?) is uniformly

bounded in time, the linear part behaves analogously to the linear part in
equation (5). Consequently, from this point onward, we focus solely on the
nonlinear terms. Note that

t —_—
/ V(v lel+ /20 2ho) €]) ~(=s) (o€l *+2(1~2ho)[€]?) / €2k a2 Au(s, €) de ds
R3

0

~Y

< / t (VI3 (VRolE /201 2ho) €] )~ 152 (o€l +2(1~2h0) E[2) — 15 (olel*+2(1~2h0) e 2)
0

o V3(VRleP+/20=2ho)l¢)) / €2 a(€ —n, 8)||a(n — ¢, 8)[|a(C, s)|dCds
R3

< /t SVE=VE) (VASlE P +/20-2ho)le]) — 152 (ole|*+2(1-2h0) €[2)  ~ 52 (mole|*+2(1~2ho) c[2)

~
0

. oV/3(vRo(le—le=nl—In—C[2~I¢I2) +/20-2ho) (|~ —nl | -Ic])

[ IERI0(E =m0 = O 9ldcas
(22)
Simple calculations show that

o (Vi=V) (VRIIER -/ 21-2ho)le]) — 152 (molel+201-2h0)l€*) <

)
and

V3 (VRS (I6P —le=nP—ln=¢2=I¢P ) ++/2(0=2ho) (€l =n—n—¢I=I¢) <

Therefore, we can estimate (22) as

t —_—
/ 6\/£<\/%‘§|2+V 2(1*2h0)|€|>*(t*S)(”O|§|4+2(1*2h0)|£‘2) / |£|2R1U2AU(S, é) d§ dS
R3

0

$ [Ttz mae) [ ienaie - g o6 0
0 X X R3 .
+ ’U(f—ﬁy S)||AU(77_C78)||U<C7S)|
+[0(€ =0, 9)1U(n = ¢ )[|AU(C, 5)}dCds.

The remaining terms on the right-hand side of (21) can be estimated using the
same approach as above. Hence, we easily deduce that
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t

U (t, )] S e 3(molé*+20-0)IE") 15 ;¢
t

Y

+ e%“WW“UQWM“/“mmAU@—nﬁmUm—cﬁmﬁ@ﬁn
0 A R

IO — AU — ¢ )T 5)]

1T =) — ¢ S)IAT(C, )| dCds

+ L (ol 201 2h0)leP?) /Rg 5 (IU(S—m U — ¢ 9)IUC, S)|> de ds

t—s

0
+/?—2@M““*“m”/’mmvvg—nﬁmvvm—CJMU«sn
OA . R?’A
+ ‘VU<£ -, S)HU(U - Cv 5)HVU(<7 S)|
L 1T = 0, $)IVU( - ¢, )| [VU(C 5)|dCds

' — 152 (mol€|*+2(1—2h0) €] T — T(n — )
+ [tz [ e (10 = n, )00 = € IG5 de ds

t
+/ o~ 55 (Rolél*+2(1-2ho) €
0

léJQQQU@—nﬁﬂﬁﬂn—Q@HU@—UJNKNU—VﬁNKN%ﬁDdvﬁ

+/0 eit;s(HO|£|4+2(172h0)|£‘2) /R3 |€|2 <|U(§ —, S)HU(T/ —¢, S)HU(Ca S)|> dCdS

Following the proof of Theorem 1.1 step by step then yields [|Uljxr <
||uo||xo- This completes the proof.

4. Proof of Theorem 1.3

For each k € N, we write

[Vultl, = [ 16510 ()] d
RN
= [ e R g1,
RN

Simple calculation shows that
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e V(e BT TR E) _ ( M)k ( mm)k
o~ Vi(VRalel+/20-2ho)le])

< Dy (VA= 2ht)

where Dy, is a positive constant depends only on k and gy. Using the estimate
from Theorem 1.2 together with the embedding LFXy C LF Xy, we derive that

|75, < Dx (V2T =2Ra)t) 10O, < i (V2T = 2ht)

where C}, is a positive constant depending on k and &, this complete the proof
of Theorem 1.3.
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