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MIZOGUCHI AND TAKAHASHI’S θ-TYPE FIXED POINT 
THEOREM IN v-GENERALIZED METRIC SPACES

Wei MING1, Tayyab KAMRAN*2, Hamza KHAN3, Umar ISHTIQ4,                  
Mohammad AKRAM*5

In this paper we introduce the notion of Mizoguchi-Takahashi’s
θ-type contraction and obtain a fixed point theorem. We have established
nontrivial examples to show that our result not only generalizes Nadler’s
fixed point theorem in v-generalized metric spaces but it also generalizes
Nadler’s fixed point theorem, Mizoguchi and Takahashi fixed point theorem
and some results by Feng-Liu, Klim and Wardowski, Pathak and Shahzad,
and Kamran and Kiran.
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1. Introduction

Banach-Caccioppoli’s fixed point theorem [1, 2] is a fundamental tool
for nonlinear problems. Nadler [3] extended Banach-Caccioppoli’s fixed point
theorem to multivalued maps. Branciari [4] generalized the notion of metric
space by replacing the triangle inequality with a quadrilateral inequality and
called such space as generalized metric space. Branciari extended Banach-
Caccioppoli’s fixed point theorem to generalized metric spaces. It was pointed
out that the notion of generalized metric as defined by Branciari lacks some ba-
sic topological properties and hence the generalizations of Banach fixed point
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theorem, in the setting of the generalized metric space as defined by Bran-
ciari, are not completely correct. To overcome these difficulties, many authors
imposed additional conditions, usually Hausdorffness of the induced topology.
Jleli and Samet [5], Samet [6] and Turinici [7] showed that such hypotheses can
often be replaced by mild adjustments in the statements, making most results
valid without extra topological assumptions.

Motivated by these developments, Suzuki and his coauthors [16, 17] fur-
ther generalized the notion of generalized metric and introduced v-generalized
metric spaces. Moreover, they proved Nadler’s fixed point theorem in v-
generalized metric spaces.

The Banach-Caccioppoli [1, 2] fixed point theorem states that every con-
traction mapping on a complete metric space has a distinct fixed point, and
that the iterates of any point under the contraction mapping converge to the
fixed point. Banach obtained this result for complete normed spaces [1] by us-
ing successive approximations, a method used by Cauchy, Liouville, Lipschitz,
Peano and Picard in their work. Caccioppoli extended Banach’s theorem to
complete metric spaces [2]. The Banach-Caccioppoli’s principle is a funda-
mental tool for nonlinear problems; see Brooks and Schmitt [8]. Following
commemorate theorem explicitly appeared in 1930.

Theorem 1.1 ([1, 2]). Let (X, d) be a complete metric space and f be a con-
traction on X, i.e., there exist a real number 0 ≤ λ < 1 such that for all
p1, q1 ∈ X,

d(fp1, fq1) ≤ λd(p1, q1).

Then f has a unique fixed point.

Nadler [3] initiated the study of fixed points for multivalued mappings.
The scope of economic, sociology and biology in macrosystems is a multifaceted
phenomena. Differential inclusions serve as natural models in macrosystems
with hysteresis [9], and fixed point theorems for multivalued maps play a crucial
role in solving them.

Nadler [3] made use of the notion of Hausdorff metric on the set of all
nonempty, closed and bounded subsets of a metric space to establish fixed
point theorem for multivalued mappings. Now we recall the definition of the
Hausdorff metric, for ready reference. Let N(X) be the family of all nonempty
subsets of X, and denote by B(X),CL(X),CB(X) and K(X) the families of
nonempty bounded, closed, closed and bounded, and compact subsets of a
metric space X, respectively.

Definition 1.1. For A,B ∈ CB(X),

H(A,B) = max{ sup
p1∈A

d(p1, B), sup
q1∈B

d(q1, A)}, (1)

defines a metric on CB(X). It is called Hausdorff metric on CB(X). It is
well known fact that if (X, d) is complete then (CB(X),H) is also complete.
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In 1969, Nadler [3] extended Banach-Caccioppoli contraction principle
(Theorem 1.1) in the following way.

Theorem 1.2 ([3], Theorem 5). Let (X, d) be a complete metric space and 0
≤ λ<1. Assume that T : X → CB(X) be such that

H(Tp1, T q1) ≤ λd(p1, q1) for all p1, q1 ∈ X.

Then T has a fixed point, i.e., there is a point u ∈ X such that u ∈ Tu.

Now we present some important generalizations of the Nadler fixed point
theorem (Theorem 1.2) existing in the literature.

Reich, in 1972, generalized Nadler’s fixed point theorem by using an
auxiliary function α in the following way.

Theorem 1.3 ([10]). Let (X, d) be a complete metric space and T : X → K(X).
Assume that there exist a map α : [0,∞) → [0, 1) such that

∀t∈[0,∞)

{
lim
r→t+

supα(r) < 1
}

and
∀p1,q1∈X, p1 ̸=q1

{
H(Tp1, T q1) ≤ α(d(p1, q1))d(p1, q1)

}
.

Then T has a fixed point.

To get the extension, Reich’s [10] has to restrict the range of the mapping
T toK(X). Reich [10] posed the question that is it possible to replace the range
of T by CB(X) or CL(X). Mizoguchi and Takahashi provided a positive answer
to the question of Reich [10] and proved the following result in 1989.

Theorem 1.4 ([11], Theorem 5). Let (X, d) be a complete metric space and
T : X → CB(X). Assume that there exist a map α : [0,∞) → [0, 1) such that

∀t∈[0,∞)

{
lim
r→t+

supα(r) < 1
}

and
∀p1,q1∈X, p1 ̸=q1

{
H(Tp1, T q1) ≤ α(d(p1, q1))d(p1, q1)

}
.

Then T has a fixed point.

In 2007, Klim and Wardowski [12], inspired by Mizoguchi and Takahashi
and using ideas of Feng and Liu [13], obtained the following result.

For p1 ∈ X, define

Ip11 = {q1 ∈ Tp1 : d(p1, q1) ≤ d(p1, Tp1)}. (2)

Theorem 1.5 ([12], Theorem 2.2). Let (X, d) be a complete metric space and
T : X → K(X). Assume that the following hold:
(i) The map f : X → R defined by f(p1) = d(p1, Tp1), p1 ∈ X, is lower semi-
continuous;
(ii) there exist α : [0,∞) → [0, 1) such that

∀t∈[0,∞)

{
lim
r→t+

supα(r) < 1
}
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and
∀p1∈X∃q1∈I

p1
1
{d(q1, T q1) ≤ α(d(p1, q1))d(p1, q1)},

where Ip11 is defined in (2). Then T has a fixed point.

In 2009, Pathak and Shahzad [14] introduced a new class of mappings
and generalized Theorem 1.5 in the following way.

Definition 1.2 ([14], Page 2634). Let R denotes the set of real numbers. For
Λ ∈ (0,+∞] let Θ[0,Λ) represent the class of functions θ : [0,Λ) → R satisfy-
ing the following conditions:

(i) θ is nondecreasing on [0,Λ);
(ii) θ(t) > 0 for each t ∈ (0,Λ);
(iii) θ is subadditive in (0,Λ), i.e., θ(t1+ t2) ≤ θ(t1)+ θ(t2) for t1, t2 ∈ (0,Λ).

Remark 1.1. Note that (i) implies that θ is strictly isotone on (0,Λ); i.e.,

θ(t1) < θ(t2) ⇒ t1 < t2, t1, t2 ∈ (0,Λ). (3)

Let (X, d) be a metric space and let D = sup{d(x, y) : x, y ∈ X}. Sub-
sequently, throughout this section, we set Λ = D if D = ∞ and Λ > D if
D < ∞. Define

M(1, p1; θ) =
{
q1 ∈ Tp1 : θ(d(p1, q1)) ≤ θ(d(p1, Tp1))

}
. (4)

Theorem 1.6 ([14], Theorem 2.4). Let (X, d) be a complete metric space and
T : X → CL(X). Assume that the following conditions hold:
(i) The map f : X → R defined by f(p1) = d(p1, Tp1), p1 ∈ X, is lower semi-
continuous;
(ii) There exists α : (0,∞) → [0, 1) such that

∀t∈[0,∞)

{
lim
r→t+

supα(r) < 1
}
.

(iii) There exists θ ∈ Θ[0,Λ) satisfying the following condition:

for all p1 ∈ X, M(1, p1; θ) is nonempty

and

∀p1 ∈ X ∃q1 ∈ M(1, p1; θ)
{
θ(d(q1, T q1)) ≤ α(d(p1, q1))θ(d(p1, q1))

}
,

where M(1, p1; θ) is defined in (4). Then T has a fixed point.

In 2011, Kamran and Kiran [15] introduced a new class of functions which
is a subclass of Θ[0,Λ) in the following manner.

Definition 1.3. Let Θh[0,Λ) denote the subclass of Θ[0,Λ) consisting of those
functions from Θ[0,Λ) which are positive homogeneous. That is,

θ(at) ≤ aθ(t) ∀ a > 0, t ∈ [0,Λ). (5)

Definition 1.4 ([15]).

(i) Let T be a mapping from X into CL(X) and p0 ∈ X, then O(p0, T ) =
{p0, p1, p2, · · · }, where pn ∈ Tpn−1, is called orbit of T at p0.
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(ii) A mapping f : X → R is said to be T -orbitally lower semi con-
tinuous if {pn} is a sequence in O(p0, T ) and pn → ξ implies f(ξ) ≤
limn inf f(pn).

Theorem 1.7 ([15], Theorem 4.2). Let (X, d) be a complete metric space and
T : X → CL(X) satisfying

θ(d(q1, T q1)) ≤ α(d(p1, q1))θ(d(p1, q1)) for all p1 ∈ X and q1 ∈ Tp1,

where α is a function from (0,∞) into [0, 1) such that

lim sup
r→t+

α(r) < 1 for each t ∈ [0,∞),

and θ ∈ Θh[0,Λ). Then,

(1) For each p0 ∈ X, there exists an orbit {pn} of T and ξ ∈ X such that
limn pn = ξ;

(2) ξ is fixed point of T if and only if the function f(p1) = d(p1, Tp1) is
T -orbitally lower semi continuous at ξ.

2. Preliminaries

In 2000 Branciari [4] introduced the notion of v-generalized metric space,
for v = 2. He called such spaces as generalized metric spaces. The primary
goal of Branciari was to generalize Banach-Caccioppoli (Theorem 1.1).

Definition 2.1 ([4, 16, 17]). Let v ∈ N and Xv be a non empty set. A function
dv : Xv × Xv → [0,∞) is said to be a v-generalized metric on Xv if for all
different p, u1, u2, . . . , uv, q in Xv following conditions hold:

(i) dv(p, q) = 0 ⇐⇒ p = q;
(ii) dv(p, q) = dv(q, p);
(iii) dv(p, q) ≤ dv(p, u1) + dv(u1, u2) + · · ·+ dv(uv, q).

The pair (Xv, dv) is called v-generalized metric space.

Remark 2.1.

(1) When v=1, the notion of v-generalized metric space coincides with the
notion of a metric space. In this case we write X instead of X1 and d in
place of of d1.

(2) For v = 2, the notion of generalized metric was initiated by Branciari
[4]. In this case the inequality (iii) mentioned above is called quadrilateral
inequality.

(3) For general fixed v ∈ N, the notion of v-generalized metric appeared in
[16, 17], as far as we have seen.

Branciari[4] introduced the corresponding notions of convergence, Cauchy
sequence, completeness and open balls in X2 in a usual way, as already defined
for metric spaces, in literature.
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Theorem 2.1 ([4], Theorem 2.1). Let (X2, d2) be a complete 2-generalized
metric space and λ ∈ [0, 1) and f : X2 → X2 a mapping such that for each
p1, q1 ∈ X2 one has

d2(f(p1), f(q1)) ≤ λd2(p1, q1)

then

(i) there exists a point a ∈ X such that for each p1 ∈ X, limn→∞ fn(p1) = a;
(ii) f(a) = a and for each e ∈ X2 such that f(e) = e one has e = a;
(iii) for all n∈N one has d2(f

n(p1), a)≤ λn

1−λ
max{d2(p1, f(p1)), d2(p1, f 2(p1))}.

It was later observed that (X2, d2) metric space may lack basic topological
properties: open balls need not be open, d2 need not be continuous, convergent
sequences need not be Cauchy, and limits need not be unique. For clarity, we
reproduce the following example from [6].

Example 2.1 ([6], Example 1.1). Let A′ = {0, 2}, B′ = { 1
m

: m ∈ N} and
X2 = A′ ∪B′. Define d2 : X2 × X2 → [0,∞) as follow:

d2(p1, q1) =


0, p1 = q1
1, p1 ̸= q1 and {p1, q1} ⊂ A′ or {p1, q1} ⊂ B′

q1, p1 ∈ A′, q1 ∈ B′

p1, p1 ∈ B′, q1 ∈ A′.

Then (X2, d2) is a 2-generalized metric space. Note that,

• limm d2(
1
m
, 1
2
) = 1 ̸= d2(0,

1
2
), thus d2 is not continuous;

• limm d2(
1
m
, 0) = limm d2(

1
m
, 2), so 1

m
is not a Cauchy sequence;

• note that for ϵ > 0 we can trace N ∈ N such that 1
N

< ϵ and if we

choose n ≥ N, 1
n
∈ B(0, ϵ) ∩ B(2, ϵ), hence, the respective topology is

not Hausdorff;
• B(1

3
, 2
3
) = {0, 2, 1

3
}, contains no ball centered at 0, for the reason just

mentioned above.

Hence, Theorem 2.1 and several generalizations of Theorem 2.1 obtained soon
after Branciari above mentioned result were not completely correct. These
issues were noticed independently by Samet [6], Das and Dey [18, 19], and
Sarma et al [20], and were discussed in the survey by Kadelburg and Radenovic
[21]; see also Kikina and Kikina [22]. To overcome these difficulties, many
authors imposed additional conditions, usually Hausdorffness of the induced
topology. Jleli and Samet [5] and Turinici [7] showed that such hypotheses can
often be replaced by mild adjustments in the statements, making most results
valid without extra topological assumptions.

It is a ritualistic approach, for researches working in fixed point theory,
to look for multivalued versions of fixed point theorems already proved for
singlevalued mappings. The Hausdorff metric (1) plays a pivotal role to obtain
such extensions. Unfortunately, if dv is a generalized metric on Xv it is not
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always the case that H defined by (1) becomes a generalized metric on the set
of all nonempty subsets of Xv, as is evident from the following simple example.

Example 2.2 ([21], Example 4.1). Let X2 = {p, q, r} and let d2 : X2 × X2 →
[0,∞) be defined by d2(p, q) = 4, d2(p, r) = d2(q, r) = 1, and d2(p1, q1) =
d2(q1, p1) for all p1, q1 ∈ X2. Then d2 is a 2-generalized metric space. Note
that d2 is not a metric on X2. Moreover, for closed and bounded {p}, {q}, {r},
and {p, r} of X2 we have

H
(
{p}, {q}

)
= 4 > 1+1+1 = H

(
{p}, {p, r}

)
+H

(
{p, r}, {r}

)
+H

(
{r}, {q}

)
.

In the absence of a metric on the set of subsets of a v-generalized metric
(v ̸= 1), it seems difficult to generalize Nadler’s fixed point theorem in the
setting of v-generalized metric spaces (for v ̸= 1) but Suzuki [16], in 2017,
elegantly extended Nadler’s fixed point theorem for multivalued maps defined
on v-generalized metric spaces. Before giving the statement of the theorem
established by Suzuki we would like to recollect some essential ingredients
from [16, 17].

Definition 2.2 ([16], Definition 3(iii)). Let Xv be a v-generalized metric space.
A sequence {pn} in Xv is said to be (

∑
, ̸=)-Cauchy if pn are all different and

∞∑
n=1

dv(pn, pn+1) < ∞.

Definition 2.3 ([17], Definition 4).

(i) A sequence (pn) in a v-generalized metric space (Xv, dv) is said to be
v-Cauchy if and only if

lim
n→∞

sup
{
dv(pn, pn+1+jv) : j = 0, 1, 2, · · ·

}
= 0.

(ii) Xv is said to be v-complete if and only if every v-Cauchy sequence
converges in Xv.

Remark 2.2 ([17, 23]). Let Xv be a v-generalized metric space. Then,

(i) A (
∑

, ̸=)-Cauchy sequence is v-Cauchy [17, Lemma 9].
(ii) If v is odd then every v-Cauchy sequence in Xv is 1-Cauchy or simply

Cauchy [17, Proposition 7].
(iii) If v is even, then every v-Cauchy sequence in Xv is 2-Cauchy [17, Propo-

sition 8].
(iv) When v is even not every (

∑
, ̸=)-Cauchy sequence is Cauchy [23, Ex-

ample 1].

Lemma 2.1 ([17], Lemma 12). Let Xv be a v-generalized metric space and
{pn} be (

∑
, ̸=)-Cauchy sequence in Xv satisfying either of the following:

(i) v is odd and Xv is complete.
(ii) v is even and Xv is 2-complete.

Then, there exist z ∈ Xv such that {pn} converges only to z.
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Now we give the statement of a theorem by Suzuki, in v-generalized
metric spaces, which is generalization of the Nadler’s fixed point theorem.

Theorem 2.2 ([16], Theorem 20). Let (Xv, dv) be a (
∑

, ̸=)-complete v-genera-
lized metric space and T be a set-valued mapping on Xv satisfying the following:

(i) For any p1 ∈ X, Tp1 is a non-empty subset of Xv.
(ii) If a sequence {yn} in Tp1 converges to q1 then q1 ∈ Tp1 holds.
(iii) There exists λ ∈ [0, 1) satisfying,

δ(Tp1, T q1) ≤ λdv(p1, q1) for all p1, q1 ∈ Xv, (6)

where δ(A,B) = supp∈A infq∈B dv(p, q). Then there exists z ∈ Xv satisfying
z ∈ Tz.

In 2021, S. Alshaiket et. al. [24] extended Mizoguchi and Takahashi fixed
point theorem in v-generalized metric spaces. We state their result for ready
reference.

Definition 2.4 ([10]). A mapping α : (0,∞) → [0, 1) is called M-T function
if

lim sup
r→t+

α(r) < 1 for each t ∈ (0,∞). (7)

Theorem 2.3 ([24], Theorem 3.1). Let (Xv, dv) be a (
∑

, ̸=)-complete v-genera-
lized metric space and T be a set-valued mapping defined from Xv into CB(Xv)
satisfies the following:

(i) If a sequence {yn} in Tp1 converges to q1 then q1 ∈ Tp1.
(ii) For any p1, q1 ∈ Xv,

H(Tp1, T q1) ≤ α(dv(p1, q1))dv(p1, q1), (8)

where α is M− T function, defined by (7). Then, T has a fixed point.

Remark 2.3.

(i) Note that in above inequality H is not a metric on CB(Xv).
(ii) In view of hypothesis (i) of Theorem 2.3, T may assume its values in

N(Xv) instead of CB(Xv).

The purpose of this paper is to prove a Mizoguchi and Takahashi type
fixed point theorem in v-generalized metric spaces. Our results generalize
Theorem 1.7, Theorem 2.2, Theorem 2.3 and those contains therein. Non
trivial examples are provided to support our claims.

3. Main results

We begin this section with the following lemma. The proof is straight
forward, similar to [15, Lemma 2.2].
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Lemma 3.1. Let B be a nonempty subset of a v-generalized metric space
(Xv, dv) and µ > 1. If for p1 ∈ Xv, dv(p1,B) > 0 then there exists b ∈ B such
that

dv(p1, b) ≤ µdv(p1,B).

Now we introduce the following definition, it is weaker than the corre-
sponding Definition 2.2.

Definition 3.1. Let Xv be a v-generalized metric space and T be a mapping
from Xv into N(Xv). A sequence {pn} in Xv is said to be (

∑
, ̸=) T -orbitally

Cauchy at p0 if there exist an orbit O(p0, T ) of T at p0 such that all pn ∈
O(p0, T ) (Definition 1.4) are different and

∞∑
n=1

dv(pn, pn+1) < ∞.

Example 3.1. Let X = [0, 3], Define d : X× X → R as follows:

d(p, q) =

{
0 if p = q,

1 if p ̸= q.

Then (X, d) is a 1-generalized metric space or simply a metric space. Define
T : X → CL(X) by

T (p) =

{
{p
2
} if p ∈ [0, 2),

{p+1
2
} if p ∈ [2, 3].

Assume that p0 = 1 ∈ X. Then, we have

O(1, T ) =

{
1,

1

2
,
1

4
,
1

8
, . . . ,

}
=

{
1

2n
;n = 0, 1, 2, . . . ,

}
= pn.

d(pn, pn+1) =

∣∣∣∣ 12n − 1

2n+1

∣∣∣∣ = 1

2n+1
.

Note that pn are all distinct. The series
∑∞

n=1
1

2n+1 is convergent and by com-
parison test

∑∞
n=1 d(pn, pn+1) is convergent. Thus pn is (

∑
, ̸=) T-orbitally

Cauchy sequence at p0.

Definition 3.2. A mapping T :Xv→N(Xv) is called Mizoguchi-Takahashi’s
θ-type v-contraction if

θ(dv(q1, T q1)) ≤ α(dv(p1, q1))θ(dv(p1, q1)) for p1 ∈ Xv and q1 ∈ Tp1, (9)

where α is a M-T function (Definition 2.4) and θ ∈ Θh[0,Λ).

Remark 3.1. Note that the inequality (9) is weaker than the corresponding
inequality (6) in Theorem 2.2. We give following example in support of our
claim.
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Example 3.2. Let A1 = {2−n : n ∈ N} , B1 = {0, 1} and X2 = A1 ∪ B1.
Define d2 : X2 × X2 → R as follows:

d2(q1, p1) = d2(p1, q1) =


0 if p1 = q1,

p1 if p1 ∈ A1 and q1 ∈ B1,

1 otherwise.

Then (X2, d2) is a 2-generalized metric space but not a standard metric space
because

1 = d2(
1

2
,
1

4
) > d2(

1

2
, 1) + d2(1,

1

4
) =

1

2
+

1

4
=

3

4
.

Define T : X2 → CL(X2) by

T (p1) =


{1
8
, 1} if p1 =

1
4
,

{1
4
, 1
16
} if p1 =

1
2
,

{1} if p1 ∈ X2 \ {1
2
, 1
4
}.

Moreover, define α : (0,∞) → [0, 1) and θ ∈ Θh[0,Λ) by

α(t) =

{
t

1+t
for t ∈ [0, 1),

1
2
otherwise.

θ(t) =

{
t
1
2 for t ∈ [0, 1],
t
2
otherwise.

We see that

θ(d2(q1, T q1)) ≤ α(d2(p1, q1))θ(d2(p1, q1)),

for p1 ∈ X2 and q1 ∈ Tp1. Note that inequality (6) does not hold if we take
p1 =

1
4
and q1 =

1
2
.

Next lemma is extracted from the proof of [15, Theorem 4.2]

Lemma 3.2. Let Xv be a v-generalized metric space and T : Xv → CL(Xv)
is a Mizoguchi-Takahashi’s θ-type v-contraction. Assume that T has no fixed
point. Then, there exists a (

∑
, ̸=) T -orbitally Cauchy sequence at p ∈ Xv.

Proof. Suppose that p0 ∈ Xv. Since Tp0 ̸= ∅, there exists p1 ∈ Xv such that
p1 ∈ Tp0. Assume that T has no fixed point then p0 ̸= p1 thus d(p0, p1)>0. Let
µ0,1=

1√
α(dv(p0,p1))

. Observe that µ0,1>1. Note that dv(p1, Tp1)>0, otherwise

p1 ∈ Tp1 = Tp1 and p1 becomes fixed point of T . Since θ is nondecreasing
and positive homogeneous (Definitions 1.2(i), 1.3), by using (5) it follows from
Lemma 3.1 that there exists an element p2 ∈ Tp1 such that p1 ̸= p2 and

θ(dv(p1, p2)) ≤ µ0,1 θ(dv(p1, Tp1)).

Repeating the above argument, since µ1,2 = 1√
α(dv(p1,p2))

> 1 and Tp2 ̸= ∅, it
follows that there is an element p3 ∈ Tp2 such that p2 ̸= p3 and

θ(dv(p2, p3)) ≤ µ1,2 θ(dv(p2, Tp2)).
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In this way we obtain a sequence {pn} ⊂ Xv such that pn ∈ Tpn−1 and pn are
all different. Moreover,

θ(dv(pn, pn+1)) ≤ µn−1,n θ(dv(pn, Tpn)), (10)

where µn−1,n = 1√
α(dv(pn−1,pn))

> 1.

Using (9) it follows from (10) that

θ(dv(pn, pn+1)) ≤ 1

µn−1,n

θ(dv(pn−1, pn)) (11)

< θ(dv(pn−1, pn)).

Hence {θ(dv(pn, pn+1))} is a monotonically decreasing sequence. Therefore, it
converges to its infimum, u ≥ 0. We claim that u = 0. Otherwise, for u > 0,
from (11), we have

u ≤
√

lim
n→∞

supα(dv(pn−1, pn))u < u,

a contradiction.
Since θ is strictly inverse isotone (see inequality (3)), {dv(pn, pn+1)} is

also a decreasing sequence of positive real numbers bounded below by 0, and
thus convergent. We claim that {dv(pn, pn+1)} also converges to 0. Suppose
dv(pn, pn+1) → c > 0. Then, for 0 < ϵ < c, there exist a natural number m
such that

0 < δ = c− ϵ < (dv(pn, pn+1)) ∀ n ≥ m.

Since θ is positive and nondecreasing,

0 < θ(δ) ≤ {θ(dv(pn, pn+1))} ∀ n ≥ m,

which is contradiction, since {θ(dv(pn, pn+1))} → 0. From (11) , we get

θ(dv(pn, pn+1)) ≤
[√

α(dv(pn−1, pn)) . . .
√

α(dv(p0, p1))
]
θ(dv(p0, p1)). (12)

Let γ > 0 and 0 < δ < 1, it follows from (7) that for t ∈ (0, γ)

α(t) < δ2.

Since dv(pn−1, pn) → 0, for above γ > 0, one may find N ∈ N such that

dv(pn−1, pn) < γ for n ≥ N.

Then, from (12) we have

θ(dv(pn, pn+1))≤ δn−(N−1)[
√

α(dv(pN−2, pN−1)). . .
√
α(dv(p0, p1))]θ(dv(p0, p1))

<δn
θ(dv(p0, p1))

δN−1
.

Note that δ < 1. Therefore the series
∑∞

n=1 δ
n θ(dv(p0,p1))

δN−1 is convergent and by
comparison test,

∑∞
n=1 θ(dv(pn, pn+1)) is convergent, then

∑∞
n=1(dv(pn, pn+1))

is convergent. Thus {pn} is (
∑

, ̸=) T -orbitally Cauchy sequence at p0. □
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Theorem 3.1. Let Xv be a v-generalized metric space and T : Xv → CL(Xv)
is a Mizoguchi-Takahashi’s θ-type v-contraction. Assume that the function
f(p) = dv(p, Tp) is T -orbitally lower semi continuous and either of the follow-
ing holds:

(i) v is odd and Xv is complete;
(ii) v is even and Xv is 2-complete.

Then, T has a fixed point.

Remark 3.2.

• Our main result assumes that the mapping T has values in closed subsets
of the v-generalized metric space Xv but in Theorem 2.2 the range of the
mapping is just nonempty subset of Xv. Note that if we look closely at
condition (ii) of Theorem 2.2 then we observe that Tp is closed in Xv.

• If T takes values in N(Xv) instead of CL(Xv) and condition (ii) of The-
orem 2.2 holds then it follows from above Theorem as well that T has a
fixed point.

• Moreover, as mentioned already, the inequality (9) is weaker than the
corresponding inequality (6) in Theorem 2.2.

• Note that if q1 ∈ Tp1 then dv(q1, T q1) ≤ H(Tp1, T q1). Taking θ(t) =
t we see that the inequality (8) is a special case of the inequality (9).
Therefore, Theorem 2.3 is a special case of Theorem 3.1.

• Thus our result is indeed true generalization of not only Theorem 1.7 but
also for Theorem 2.2 and Theorem 2.3 and those contained therein.

We now give proof of Theorem 3.1.

Proof. Let p0 ∈ Xv. Suppose that T has no fixed point then it follows from
Lemma 3.2 that there exists a (

∑
, ̸=) T -orbitally Cauchy sequence at p0.

Further, assume that either of the hypothesis (i) or (ii) holds then it follows
from Lemma 2.1, that there is ξ ∈ Xv such that pn → ξ. Since pn ∈ Tpn−1,
letting n → ∞ from (9) and using condition (θ is strictly inverse isotone,
inequality (3)) we have dv(pn, Tpn) → 0. Moreover, the T -orbitally lower
continuity of the function p 7→ dv(p, Tp) at ξ implies that dv(ξ, T ξ) = 0.
Furthermore, ξ ∈ Tξ, since Tξ is closed, a contradiction. Thus, T has a fixed
point. □

The following example substantiates our claim.

Example 3.3. Let X2 = {n;n ∈ N}∪{0}. Define d2 : X2×X2 → R as follows:

d2(q1, p1) = d2(p1, q1) =


0 if p1 = q1,
1
2
if p1 ∈ {n : n ∈ N} and q1 = 0, p1 ̸= q1

1
p1

if p1 ∈ {2n : n ∈ N} and q1 ∈ {2n− 1 ∈ N},
1 otherwise.
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Then (X2, d2) is a 2-generalized metric space but not a standard metric space
because

1 = d2(2, 4) > d2(2, 3) + d2(3, 4) =
1

2
+

1

4
=

3

4
.

Define T : X2 → CL(X2) by

T (p1) =


{1, 20} if p1 ∈ {0, 2, 3},
{3, 20} if p1 ∈ {2n− 1 : n ∈ N} \ {3},
{2, 20} if p1 ∈ {2n : n ∈ N} \ {2}.

Moreover, let α : (0,∞) → [0, 1) and θ : [0,Λ) → R are defined by

α(t) =


1
2
for t = 1

20
,

√
10
10

for t = 1
2
,

√
2
2

for t = 1,
2
3
otherwise.

θ(t) =

{
t
1
2 for t ∈ [0, 1],
t
2
otherwise.

For p1 ∈ X2 and q1 ∈ Tp1 we define

η(q1) = d2(q1, T q1) and ω(p1, q1) = α(d2(p1, q1))θ(d2(p1, q1)).

We claim that

η(q1) ≤ ω(p1, q1).

There are ten cases to be discussed, we discuss them one by one.

(i) For p1 = 0, q1 = 1 we have
√
5

10
= η(q1) ≤ ω(p1, q1) =

√
5

10
.

(ii) For p1 = 0, q1 = 20 we have 0 = η(q1) ≤ ω(p1, q1) =
√
5

10
.

(iii) For p1 = 2, q1 = 1 we have
√
5

10
= η(q1) ≤ ω(p1, q1) =

√
5

10
.

(iv) For p1 = 2, q1 = 20 we have 0 = η(q1) ≤ ω(p1, q1) =
√
2
2
.

(v) For p1 = 3, q1 = 1 we have
√
5

10
= η(q1) ≤ ω(p1, q1) =

√
2
2
.

(vi) For p1 = 3, q1 = 20 we have 0 = η(q1) ≤ ω(p1, q1) =
√
5

20
.

(vii) For p1 ∈ {2n− 1 : n ∈ N} \ {3}, q1 = 3 we have
√
5

10
= η(q1) ≤ ω(p1, q1) =

√
2

2
.

(viii) For p1 ∈ {2n− 1 : n ∈ N} \ {3}, q1 = 20 we have

0 = η(q1) ≤ ω(p1, q1) =

√
5

20
.

(ix) For p1 ∈ {2n : n ∈ N} \ {2}, q1 = 2 we have
√
2

2
= η(q1) ≤ ω(p1, q1) =

√
2

2
.

(x) For p1 ∈ {2n : n ∈ N} \ {2}, q1 = 20 we have 0 = η(q1) ≤ ω(p1, q1).
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Looking at the points of the space X2 and the definition of the metric d2, we
observe that distinct terms of a sequence pn can’t be arbitrary close. Therefore,
a Cauchy sequence in X2 is always constant. Moreover, any arbitrary conver-
gent sequence in an orbit of T is always constant. Therefore, X2 is 2-complete
and the function f is T orbitally lower semicontinuous. Thus, all hypothesis
of Theorem 3.1 are satisfied and 20 is fixed point of T . Note that Theorem 2.2
is not applicable here since inequality (6) does not hold if we take p1 = 1 and
q1 = 20.

4. Conclusion and Future Directions

To say that Theorem A is a special Theorem B, we write Theorem A →
Theorem B. Using this terminology we have the following inclusions:

1930 : Theorem 1.1 → 2000 : Theorem 2.1

↓ ↓
1969 : Theorem 1.2 → 2017 : Theorem 2.2

↓
1972 : Theorem 1.3 ↓

↓
1989 : Theorem 1.4 → 2021 : Theorem 2.3

↓
2007 : Theorem 1.5

↓ ↓
2009 : Theorem 1.6

↓
2011 : Theorem 1.7 → Main Result : Theorem 3.1

Bakhtin [25] introduced the notion of quasimetric in 1989, which was later
called b-metric by Czerwik [26] in 1998. Kamran [27, 28] et. al. generalized the
notion of b-metric by introducing the notion of extended b-metric in 2017. In
2018 Mlaiki [29, 30] and his coauthors further extended the notion of extended
b-metric by introducing the idea of controlled and double controlled metric
spaces. Some significant results have also been discussed in [31, 32]. We belief
that all these results can be extended for multivalued maps in v-generalized
metric spaces using our technique.
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