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STABILITY OF SWITCHED GENE REGULATORY NETWORKS
MODEL

Donal O’REGAN!, Snezhana HRISTOVA™2, Valentin GEORGIEV?

Stability properties of the equilibrium of the model of switched gene regu-
latory networks is studied. The switching rule as well as the switching times are
given initially and the switching rule is a piecewise constant function. The algo-
rithm for construction of the solution is provided and the equilibrium is defined
and its exponential stability is investigated. The basis of the study is the Lya-
punov approach by quadratic Lyapunov functions. Several examples are provided
to illustrate our theoretical results and the influence of the switching rule on the
stability behavior of the equilibrium.
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1. Introduction

The process through which cells take on a specific role, termed differentia-
tion, can be implemented by changing the accessibility of binding sites required for
regulation, essentially enabling and disabling interactions in the genetic regulatory
network (GRN). For biological modeling, the concept of switching networks provides
a useful abstraction for capturing the processes at work as cells change type (see,
for example, [20]). Switched systems composed of a class of subsystems (continuous
or discrete) and a switching law that controls the subsystems, are adequate tools
for modeling complex interactions in GRN. A good description and biological rea-
soning of switched genetic regulatory networks (SGRN) is given in [20]. Various
properties of linear SGRN with different switching rules are studied, for example,
in [11, 12, 15, 26]. Some SGRN modeled by fractional derivatives are defined and
studied in [1, 18].

Based on biological knowledge, the stability of SGRN has received a lot of
attention (see, for example [25] for SGRN with an average dwell time). Three basic
problems regarding the stability and design of switched systems have been presented
in [10]. The global stability of switched recurrent neural networks under arbitrary
switching laws by Lyapunov functions is studied in [9], whereas GRN are studied
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in [16, 27]. Recently, some stability properties are studied in [2, 3, 4, 7, 13, 17, 19,
21, 22, 24]. Also, GRN with various types of delays are considered and the stability
properties are investigated in [8, 14, 23].

Motivated by the above discussion, we study a continuous time switched sys-
tem describing a complex GRN. The studied model involves a switching rule which
is a piecewise constant function given initially and is different than the known re-
sults, (see, for example, [22]), and it relates to a change of the activator functions
of messenger ribonucleic acid (mRNA). The equilibrium for SGRN is appropriately
defined in the general case of activator functions of mRNA. Note that in the partial
case of activator functions of mRNAs null-able at zero, the defined equilibrium is
reduced to zero equilibrium which is applied in the literature to define and study
stability of SGRN. The exponential stability of the defined equilibrium is defined.
Some sufficient conditions for the exponential stability are obtained by an applica-
tion of Lyapunov functions. The theoretical study as well as the influence of the
switching rule on the behavior of the equilibrium is applied to several models.

The contributions in this paper can be summarized as follows:

- the dynamics is described by a family of ordinary differential subsystems;

- the switching rule reflects on the regulatory functions of mRNAs at initially
given switching times;

- The activated subsystems have different activator functions of protein of mRNA
and keep the rates of degradation and the translation rate constants;

- an equilibrium of the switched model is appropriately defined;

- an exponential stability of the equilibrium is defined and studied;

- several particular examples of switched gene regulatory networks models are
provided and the theoretical study and influence of the switching rule on the
behavior of the equilibrium are illustrated.

2. Description of the switched gene regulatory networks model

We study a switched gene regulatory networks model. It consists of a fam-
ily of continuous-time subsystems of ordinary differential equations, initially given
switching times (times at which the systems will be changed eventually from one to
another) and a given switching rule. The switching rule plays an exceedingly crucial
role, in determining both, the switching time of the system and the subsystem be-
coming active after each switching. We will consider the case when the regulatory
functions of mRNA in the activated subsystems are different (see the discussions
in [20]). It is different than SGRN with different rates of degradation and different
translation rates (see, for example, [22]).

Let m < oo be a given natural number, J = {0,1,2,3,...,m — 1} and the

sequence of activator functions {hg-k)(.)}keg, J € P be given.
Let the points 7, £k = 0,1,2,...,m, be given such that 7o = 0, 7 < Tp41,
k € J and if m = oo then limy_,, 7 = 00.

Remark 1. If m < oo we denote 1, = 0.

Let the switching rule o(t) = Cy, for ¢ € [1}, Tk+1), k € I, where Cy € J.
The points 7, £k =1,2,...,m — 1, determine the switching time.
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In this paper, we will consider a model of switched gene regulatory networks
(SGRN):

N
Q) = —dii(t) + 3 ayhS P (p;(1)) +
Jj=1 1
Oi(t) = —bigi(t) + ci¢i(t), for t>0, i€ P, M)
G(0)=¢, pi(0)=¢), i€?,

where N is the number of nodes, P = {1,2,..., N}, CJQ, p? eR, ((t),pit), j€P,
denote the concentrations of messenger ribonucleic acid (mRNA) and protein of the
J-th node at time ¢, respectively, d; and b; are degradation velocities of mRNA

and protein, respectively, ¢; > 0 is the translation rate, the functions h;‘-(t) €
C(R,R), 7 € P, represent the activator initiates of protein of mRNA, ©;, i € P,
is the basal rate, and the coupling matrix of the network A = (aj,,) € RV*N is

described by
—v¥jm M is a repressor of gene j
ajm =40 m does not regulate gene j
Yim m is a initiator of gene j .

Remark 2. Usually, the activator functions are indicated in the Hill form h(s) =

ﬁ, s € R, where B is the Hill coefficient and o > 0 is a constant. Changing

the constant a reflects on the behavior of the concentrations of mRNA and protein.
These constants will determine the activator functions for any switching rule.

Remark 3. Note that if for an integer j : 0 < j < m — 2 the equality C; = Cj11
holds, then the switching rule is not activated at time 7j11. If m < oo then the
switching rule is activated a finite number of times and for the time greater or equal
to Tm—1 the given system is a reqular system without any switching.

Therefore SGRN (1) is reduced to :

N
) = —diG(t) + Y ayh{ (1) + O,

j=1
Pi(t) = —bigpi(t) + ciGi(t), (2)
for t € (14, 7ks1], 1€P, ke,
G(0) = ¢, 0i(0) =g, ie?.
We will say assumption (H) is satisfied if:
(H1). The activator functions hg-k) € C(R,R), j € P, k€I, and there exist con-
(k)

stants ;" > 0 such that for any u,v € R with u # v, the inequalities

(k) (k) (k) .
|h; 7 (u) = h; 7 (V) <7 lu—v|, j€P, ke,
hold.
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(H2). For any k € J the system

N
k .
Gt) = —diGi(t)+ Y aish? (0; (1) +Ti, 0}(t) = —bigi(t) +eiCi(t), t € (r,00), i€ P
j=1
(3)
has a solution with any initial values at the time point 7 > 0.

Remark 4. Note if (H1) holds, then the solution of (3) in assumption (H2) is
unique.

Remark 5. For typical Hill function-based models, i.e., hgk) (u) = 1+1 5= Or hg.k) (u) =
u
,8.
11 Jﬂj where B; is the Hill coefficient, the solutions of (3) exist globally in time and
u
if the initial concentrations of proteins and mRNAs are positive, they remain non-

negative for allt > 7, i.e. condition (H2) is satisfied (see, for example [5]).

2.1. Algorithm for construction the solution of SGRN (2)

Assume condition (H) holds.
Let t € (19, 71]. Then, SGRN (2) is reduced to

N
) = —diG(t) + Y ayh{™ (p;(t)) + 6,

~ (4)
oi(t) = —bipi(t) + c;Gi(t), for t € (0,m], i€,

where Cj € J and the activator function h;co)(.) is given in condition (H1).
According to conditions (H) there exists a unique solution (Ci(o) (1), pgo) (1)),
i€ P, te|0,7], of (4). Denote
0 0 0 0 0 0
UO (1) = (O (0,03 (0),....,UR (0, UNa (0. ULy (0, - Ug(0),

with U () = ¢ () and UL (1) = o\, (1), i € P, t € [0,71].

7

Let Cyp # C1. Then, at time 71, the switching rule (o(t) = C1) is activated,
and the system of equations is changed, i.e., consider the IVP for the system of
differential equations:

N
() = —diGa(t) + Y ayh{™ (p;(1)) + ©;,

- (5)
p;(t) = *bzpz(t) + CiCi(t)a for te (7'1,7'2], 1 E fP,

G(m) = U7 (n), o) = Uha(m), i€,
where C; € J and the activator function thl) (.) is given in condition (HI).

According to conditions (H) there exists a unique solution (Ci(l)(t), pgl)(t)),
i€ P, t€|mn,me,of (5). Denote

Uty = UM (0, UP (), ..., UP @), UG (), UG5 (1), .., USR(D), t € [, 7],
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with U () = ¢V () and UL, (1) = o), (1), i € P, t € [r1,72].

Let £ : 2 < k < m be an integer and Cy # Ci_1. Then, at time 73, the
switching rule (o(t) = Cy) is activated, and the system of equations is changed, i.e.,
consider the IVP for the system of differential equations

N
Ct) = —diGi(t) + > aghl (p;(1) + 6y,
j=1

0;(t) = —bipi(t) + ¢ii(t), for t € (T, 1), i € P,

Gm) = UV (), pilm) = Uy (), i€,
(Cr)
J

According to conditions (H) there exists a unique solution (CZ-(k) (1), pgk) (1),
i € P, t €1k, k1), of (6). Denote

UM ) = P @), UP@),..., U (6),UFL (), UG, (0), ..., UK (#))

for ¢ € [, 7p1] with UL (8) = ¢ (t) and US), (8) = o0 ,(0), i € P.
Note that U®) (1, 1) = U (r44), k€I,

If m = oo, we use the above procedure infinite times and define the solution
of (2) by

where Cj € J and the activator function h; */(.) is given in condition (H1).

U®© (t), fort e [m,m],
U(l)(t), for t € (11, 1]
U®) (t), fort € (79,73]

If m < oo then the last eventual switching time is 7,,—1, and the solution of
(2) is given by

(

U (t), forte€ [, ],
U(l)(t), for t € (11, T
U(t) = U(2)(t), for t € (7’2, 7'3]

Um=N(t), fort € (Tym_1,00).

Remark 6. The solution (U(t)) of SGRN (2) is continuous at any switching point
e k=1,2,3, ...,m—1.

2.2. Equilibrium of the switched model (2)

We will introduce an equilibrium of SGRN (2).

Definition 1. An equilibrium of SGRN (2) on the interval [y, Tp+1] is the con-
stant vector Wk = (%Pl(k) @Pék),...,z—xPﬁ),Pfk}) PQ(k),...,P](f)) e RN with

’ Co ’
non-negative components satisfying the algebraic system

N
di— PP =" ayhl (PP + 0, i
j=1
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Remark 7. On each interval [y, Ti11] the equilibrium of SGRN (2) is a constant
vector which could be different on different intervals between two consecutive switch-
ing times.

If for a number k € J the activator function hg-k)(O) =0and©®; =0, j€P,
then the equilibrium of SGRN (2) on the interval [Ty, Tp4+1] s zero.

Definition 2. A global equilibrium of SGRN (2) is the piecewise constant vector
function W defined by

-ifm < oo
(W(O), fort € |10, 1],
wm, forte (1,7
W =S W&, forte (m,T] (7)
\W(m_l), fort € (Tm—1,00),
- if m =00

wO ., forte [T0, T1],
w®, fort € (11,72

W pr—
W(Q), fOT‘tG (TQ,Tg]

where W) € R2N s the equilibrium of SGRN (2) on the interval [Ty, Tey1], k € J.

Remark 8. If for all k € J the activator functions hgk)(O) =0and©; =0, j€P,
then the global equilibrium of SGRN (2) reduces to the zero constant function. Note
in the literature the stability of the zero equilibrium of SGRN is considered (see, for
example, [22]).

We will say assumption (A) is satisfied if:

(A1). The SGRN (2) has a global equilibrium.
(A2). There exist positive constants p; > 1, uny4; > 1 and B;, ¢ € P such that

N
—2d; + 'UNﬂ ¢+ Z |aij|7j(‘0k) < -3,

7

J=1

N
—2b; +¢; —|—’7.(Ck) Zi'u] |aij| < -8B, 1€P.
o1 BN
Let w = (uj,ug,...,uy) € R" In this paper we will use the norm
ulln = /200 -

Definition 3. The global equilibrium W € R?N of the model (2) (see, Definition 1
and Definition 2) is exponentially stable if there exist constants M, X\ > 0 such that
IX(8) = Wllan < M[IX° =Wy e, >0,
where X(t) = (C(t),p(t)) is the solution of (2) with initial values

X0 =(¢%¢").
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3. Exponential stability of the switched model (2)

We will apply quadratic Lyapunov functions to obtain sufficient conditions for
exponential stability of the equilibrium of (2).

Theorem 1. Let the assumptions (H), (A1) and (A2) hold. Then, the global equi-
librium of the model (2) is exponentially stable.

Proof. According to condition (A1) there exists a global equilibrium (a constant
vector) W defined by (7), where the constant vector

b1
ot

by (k) by

W) — ( A(k) 7}{2 N ..,—Agv),flgk),ﬂgk),...,ﬂgl\;)) e RV

is the equilibrium of SGRN ( ) on the interval [y, 7x11] respectively.
According to condition (A2) there exist constants pp > 1, k € P, and we
consider the Lyapunov function V : R?N — R, by

N
§ 2 § 2
V(’U,l,’U,Q,...,UN,Ul,UQ,...,’UN): /’Lkuk—i_ KN +EVE-

Let X(t) = (¢(¢), p(t)), t > 0, be the unique solution of SGRN (2) with initial
values X0 = (¢, %) (it exists according to conditions (H)).

Let k € J be a given integer and consider the interval (g, 7x11]. We apply the
definition of a global equilibrium (see Definition 1 and Definition 2 ), the inequality
2ab < a? + b and we obtain for t € (Ths Tk+1] the inequalities

d ) A0 N, d 0%
av( -W Zf%dt <C1 Cz ) +ZMN+J'£ (pj(t)_ﬂj )
—2Zm (cz ) - 2al) S )23 e (o) —a) L oy

7j=1

—22/%(@ ——A ) —diGi(t) Za,] )+dbA()

N N
= aih AP | +23 n (03(0) = AP (<bios (0) + i65(0)

j=1 j=1
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N A N
+2 Z i (Ci(t) - Zﬂgk)) >l ™ (@j(t) - Agk)))

=1
(k) al bj 4 ’
+Z,uN+jcj (pj —A; ) +ZMN+JCJ j g J
7j=1
N bi )2
<Y (=2 + pnvici) (Ci(t) - ngE )>
i=1 '

N
2
+ Z (—=2bjuN+j + UN+5C)) (@j(t) - Ag'k))

Al c bi )\
£ o™ (G- 2al)

i=1 j=1
& (Cr) (k)y) 2

+ 303 wilagh @ (p5(1) - AP)) (8)
i=1 j=1

Apply condition (A2) with the existing constants B; > 0 to inequality (8) and
we get

< —BV< (t) - W"“)),
where B = min;—1 2 .y B;. Therefore,
V(X (t) = WR)) < V(X (1) — W) e BE8) ¢ € (1, Ty ]
By induction we get
V(X () = W) < V(X (7)) = W) 20
< V(X (1) — WED)=B=m) o= Bk =)

< V(X (70) = WO)em =) < M| X (r0) = WO 5ye ), 1 € (7, T,
where M = max;—12 . ~N{fi, tN4i} OF
1X(8) = WPy < V(X (8) = WH) < VM|IX (0) = WO [lane P £ > 0. (9)
Inequality (9) proves the claim. O
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4. Applications

In this section we will provide some particular models to illustrate the theo-
retical study.

4.1. Application 1

We will consider the model of several repressor-protein concentrations and
their corresponding mRNA concentrations, which are defined and studied in [6].
Differently than [6] we will consider the case of presence of a switching rule o(t) = C
for t € (1x,tgs1], k € J, 70 = 0, m < oo, which is changing the activator function

hF(u) = ﬁ, i.e., consider the model
’ 1
/
¢(t) = —qi(t) + ) aij———5 +0O
) © ; (G +1?) (10)

p;(t) = _B(pl(t) - ql(t))7 te (Tk77—k+l}7 1=1,2,3, kel
where (i > 0 are constants and (see [6]):

- © is the number of protein copies per cell produced from a given promoter type
during continuous growth in the presence of saturating amounts of repressor;

- [ is the ratio of the protein decay rate (varies massively, from minutes to
months) to the mRNA decay rate (from minutes in prokaryotes (3-8 min in
E. coli, or hours in eukaryotes).

System (10) is similar to (2) with N =3, d; =1, b; = ¢; = 3, I; = O and activator

functions hg(u) = m

From Remark 5 note condition (H2) is satisfied.
Consider the case of ap = 0 and § = 0.01 (see [18]).
Case 1. Let a;; = 1.5 and a; =0 for k #£14, i,k=1,2,3.
Since in the model (10) the dynamics of any i-th repressor-protein concen-
tration and their corresponding mRNA concentration do not depend on the
dynamics of the 7 — 1-th and 7 + 1-th repressor-protein concentration and their
corresponding mRNA concentration, we could study
1.5
/
q(t)=—a+ — 5
(Ck +p?) (11)
p/(t) = _001(p - Q), te (Tvak’-i-l]a k€.

Case 1.1 (no switching rule). Consider the model (11) without any switching rule,
i.e., {x = 1. The equilibrium is given as a solution of the algebraic

equation A = %, ie. W = (0.861224,0.861224), i.e. the condition
(A1) holds.
We have
1 1
<u— o] 0 6495191 — of

(I+u?)(1+0v2)
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because max% = 0.649519, i.e., v = 0.649519 in assumption
(H1).

Condition (A2) holds with p = 100, u3 = 1, B = 0.000257215 because
inequalities (8) are reduced to —2+4-100-0.0141.5-0.649519 = —0.0257215
and —2-0.01 4+ 0.01 +0.01 - 1.5-0.649519 = —0.000257215.

According to Theorem 1 the equilibrium is exponentially stable with con-
stants M = 100 and X = 0.5B = 0.0001286. i.e.

1(q(t), p(t)) — W1 < 10||(qo, po) — W ||e 00001286t

We solve (11) numerically by Wolfram Mathematica for several initial
values, (qo,po0) = (0,0), and (qo, po) = (20, 1), and graph the norm of the
difference ||(m(t),p(t)) — W|| (see Figure 1 and Figure 2). From both
graphs we see the solution is exponentially stable.

~—el

I I t
50 100 150 200

FIGURE 1. Graphs of the solution of (11) without any switching rule
and zero initial values and the norm of the difference ||(q(t),p(t)) —

wi|.

2.0

1.5

1.0

:
i — q(t)
. - = p(t)

-~
~eel

h : I t
50 100 150 200

FIGURE 2. Graphs of the solutions of (11) without any switching
rule and initial values (qo, po) = (20, 1) and the norm of the difference

(g (t), p(2)) = WI|.
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Case 1.2. (finite sequence of switching times) Let the switching rule be activated
three times, i.e. m = 3 and 7, = 2k, kK = 0,1,2 with a switching
rule o(t) = Ck, where Cy = 0,07 = 1,0y = 2 and ho(u) =

hg(u) = m, hg(u) = m

1
(14u?)’

The equilibrium on the interval [k, k+ 1], £ =0, 1,2 is given as a solution
of the system
) 15

=, k=0,1,2.
Cr + (A(k))

Then the global equilibrium of (11) is given by

(0.861224,0.861224),  for ¢ € [0, 2],
W = { (0.186687,0.186687),  for ¢ € (2,4], (12)
(0.0749789,0.0749789),  for t € (4,00)

Assumption (A1) is satisfied.
Also, we have

1 1
hU(t) o ho(t) _
| (u) W)l Cp+u2 Cj 42

lu + |
(Ce+1+u?)(Cr+1+0?)
< 0.649519|u — v

< Ju =

because maxy—g 1.2 (Ck+1+'b‘bgl;ig‘k+1+712) = 0.649519, i.e., 7, = 0.649519 in
assumption (Al) and p = 100, pg = 1, B = 0.000257215 in condition
(A2).

According to Theorem 1, the global equilibrium given by (12) is exponen-
tially stable with the following constants: M = 10,
A =0.5-0.000257215 = 0.00021286, i.e.,

(q(t), p(£))—W|| < 10]|(go, o) — (0.861224, 0.861224)|[e 000021286 "4 > ¢,

We solve the model (11) by computer realization of the algorithm in
Section 2.1 on Wolfram Mathematica and we graph the solutions for
various initial values. Note, that, differently than Case 1.1, in Case 1.2
the norm of the difference between the global equilibrium and the solution
is discontinuous at any switching time (in spite the solution is continuous
at these points, see Figure 3 and Figure 4).

Also, from Figure 5 it could be seen that in both cases 1.1 and 1.2 solu-
tions are exponentially stable but the presence of the switching rule can
change the rate of approaching zero.
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0.15f

0.1}

0.05] %

FIGURE 3. Graphs of the solution of (11) with a switching rule and
zero initial values and the norm of the difference ||(q(t),p(t)) — W||.

i
\“\

0.8] ",

A — q(t)
0.6 KRN
v o 15 25 35 45 - = )
' S~ 1(a(t), p(t)) = W
0.21 T~ L

I I .-\ ---------- ) t
100 200 300 400

FIGURE 4. Graphs of the solution of (11) with a switching rule
and initial values (go,po) = (20,1) and the norm of the difference

[1(q(®), p(£)) — WII.

10~ ___ PTTTmem

8- 0.8
0.6

6 0.4 — Il(q(®), p(£)) = Wi
02—

41

20

FIGURE 5. Graphs of the norm of the difference of the solutions of
(11) [|(q(t), p(t)) — W|| with a switching rule and without a switching
rule.
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Case 1.3. (infinite sequence of switching times) Let the sequence of activation points
is infite, i.e. m = oo, and 7, = 2k, k € J.Then the global equilibrium is
given by

(0.861224,0.861224), for t € [0,2],

(0.186687,0.186687),  for t € (2,4],

W = < (0.0749789,0.0749789), for t € (4,6],

(0,0), for t = oo.

The conditions (H) and (A) are satisfied and according to Theorem 1,
the global equilibrium is exponentially stable.
Case 2. Let a;; = 1.5, 4,5 = 1,2,3. Let the switching rule be activated at a finite
number of time points, for example, i.e., m = 3 and the switching times are
e =2k, k=0,1,2with Cy=1,C; =8,C = 20.
The equilibrium of (10) is given as a solution of the system
(k) ° 1
AN = 1.5ZW, k=0,1,2.
i=1 C} + (‘Az >

Then the global equilibrium of (11) is given by

(1.45019, 1.45019, 1.45019, 1.45019, 1.45019, 1.45019), for t €[0, 2],
W= (0.542538,0.542538, 0.542538, 0.542538, 0.542538, 0.542538), for ¢ € (2, 4],
(0.224435,0.224435, 0.224435, 0.224435, 0.224435, 0.224435), for ¢ € (4, 00).

All conditions of Theorem 1 are satisfied and then the global equilibrium ‘W
of the model (10) is exponentially stable.

We solve the model (10) with zero initial values by the algorithm in Section
2.1 and we graph the norm of the difference between the global equilibrium
and the solution to illustrate the exponential stability of the global equilibrium
(see Figure 6).

2.0, ;
5
5 4
1.5 )
2
1.0 | (i)
15 25 35 45 1(a(t), p(t)) I
0.5
\\ |

50 100 150 200 250 300

FIGURE 6. Graph of the norm of the difference ||(¢q(t), p(t)) — W|| of
the solutions of (10) with zero initial values.
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4.2. Application 2.

Consider model (10) with different activator functions, i.e., hi(s) = C{% for
seR, kel i.e., consider
3
G(t) = =g+ Y _ aijhog (py) + o,
s (13)

p;(t) :—,B(pi—qi), t e (Tk77—k+1], i:1,2,...,N, kEj.

System (13) is similar to (2) with N =3, d; =1, b; =¢; = 3, ©; = ap.

Consider the case of ap = 0 and 8 = 0.01, a;; = 2.5 and a; = 0for k #£ i, k,i €
J. Let the switching rule be activated at a finite number of time points, for example,
m =3, 1 =2k k=012 ho(s) = 15, hi(s) = 57, ha(s) = 5z, s € Rand
switching rule o(t) = Cy with Cp = 0,C1 = 2,Cy = 1.

Since the activator functions hx(0) = 0 for k = 0,1, 2, according to Remark 8
the global equilibrium W of (13) is the zero vector. Therefore, assumption (Al) is
satisfied. Also, we have

u? v? |u + |

_ < oy —
1+ u? 1+v2|—|u U‘(l—i—uz)(l—l—vZ)’
u? v? 25|u + v|
- | < Ju—vl
25 +u? 254 02

|ho(u) — ho(v)| = |

A1 (u) = M (v)] = |

(25 + u?)(25 + v?)’
u? v? 4|u + v|
ho(u) — ha(v)] = - <|u-— :
[h2(u) = ha(v)] ’4+u2 4+v2‘ < fu U‘(4+u2)(4+02)

Therefore, v = 0.649519 in assumption (H1).

From Remark 5 note condition (H2) is satisfied.

Condition (A2) holds with ¢ = 100, u3 = 1, B = 0.000257215 because in-
equalities (8) are reduced to —2 + 100 - 0.01 + 1.5 - 0.649519 = —0.0257215 and
—2-0.0140.01 +0.01-1.5-0.649519 = —0.000257215.

0.0010
0.0008\ 00001071770
L 0.0001071765
0-0006 ’ — la(®), p®))]
0.0004 - 3.9999 4.0001
0.0002 +
t

4 6 8
FIGURE 7. Graph of the norm of ||(¢(t), p(t))—0|| for (13) with initial
values (0.001,0.0001).
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According to Theorem 1 the zero global equilibrium is exponentially stable

with constants M = 100 and A = 0.5B = 0.0001286, i.e.,

[[(q(t), p(t))]] < 10||(qo, po)]||e0-0001286¢,

We solve (13) numerically by Wolfram Mathematica for several initial values

(go,po) = (0.001,0.0001) and graph the norm of ||(¢(¢),p(t))|| (see Figure 7). From
the graph it can be seen the solution is exponentially stable.
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