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A DOUBLE INERTIAL SELF-ADAPTIVE SUBGRADIENT
EXTRAGRADIENT METHOD WITH CONJUGATE GRADIENT
DIRECTION FOR VARIATIONAL INEQUALITIES

Tianyu ZHANG!, Youli YU2, Yonghong YAO®

In this paper, we propose a novel double inertial self-adaptive subgradient
extragradient method with conjugate gradient direction for solving variational in-
equality problems involving quasi-monotone and Lipschitz continuous operators in
real Hilbert spaces. The proposed algorithm incorporates the technique of double
inertial steps combined with a conjugate gradient direction to accelerate the con-
vergence speed. A remarkable feature of our method is the use of a self-adaptive
step size strategy, which does not require prior knowledge of the Lipschitz con-
stant of the cost operator. Under some suitable conditions, we establish the weak
convergence theorem of the proposed algorithm. Finally, several numerical results
are presented to illustrate the feasibility and superior efficiency of our method
compared to other algorithms.
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1. Introduction
The variational inequality problem (VIP) is to find a point #* € C such that
(F(z*),xz —2*) >0, VzeCl,

where H is a real Hilbert space, C is a nonempty closed convex subset of H, and
F : H — H is an operator. The solution set of VIP is denoted by S.

The variational inequality problem provides a broad framework that encom-
passes various mathematical models, such as nonlinear programming, network equi-
librium, and complementarity problems, which are essential in fields like engineering
and economics (see [5, 7, 11, 13, 18, 20, 24, 27]). To address the VIP across its various
applications, many solution methods have been proposed in the literature. One of
the most prominent techniques is the extragradient method (EGM) by Korpelevich
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n [12], defined as follows:

o € C,
Yn = Po(on — M F(20)),
Tn41 = PC(xn - AnF(yn))a

where A € (0, %) and F' is a monotone operator. It is well-known that the sequence
{z,} generated by the EGM converges weakly to a solution of the VIP. However, a
significant drawback of this method is its computational cost. Specifically, both the
operator F' and the metric projection Po must be evaluated twice at each iteration.
Furthermore, the step size {\,} relies heavily on the Lipschitz constant L of the
underlying operator. This dependency makes the method computationally expensive
and less practical, especially in scenarios where a closed-form expression for Pg is
unavailable or when the Lipschitz constant is unknown a priori.

To mitigate the computational drawbacks associated with Algorithm (2), Cen-
sor et al. [3] proposed the subgradient extragradient method (SEGM). This approach
modifies the EGM by substituting the second projection onto C' with a projection
onto a specific, constructible half-space. The algorithm is defined as follows: Given
20 € C,L>0,and \, € (O,%),

Yn = PC’(xn - AnAxn)
T, ={w € H : (xy, — \yAxy, — yp,w — yn) < 0}
Tn+l = PTn (xn - )\nAyn)a

where weak convergence has been established under the assumption that the oper-
ator A is monotone and L-Lipschitz continuous. Following this, several enhanced
variants of the SEGM have been introduced in the literature (see, for example,
[4, 21, 23]).

Over the years, numerous enhanced variants of the SEGM have been developed
for addressing variational inequalities, equilibrium problems, and various optimiza-
tion models. In this line of research, inertial techniques have been incorporated to
accelerate the convergence behavior of SEGM-type algorithms. Meanwhile, other
studies have focused on designing schemes whose step sizes can be selected without
requiring prior knowledge of Lipschitz constants and without relying on any line-
search strategy. Yao et al. [26] introduced the following relaxed SEGM with double
inertial steps
([ wn =T + W(xn - xn—l)u
Zn = Tn + f)/n(xn - xn—1)7
Yn = PC(ZTL - )\nFZn)v
T,={v€H: (zy — MFzy —yn,v—1yn) <0},

Tn+1 = (1 - ﬁn)zn + ﬁnPTn (Zn - )\nFyn)a

where
; pllzn—ynll .
Anil = min {m,)\n} , if Fz, # Fyy,
Ans otherwise.

Conjugate gradient-type methods have been extensively studied to solve variational
inequality problems (see [1, 8-10, 17]). Arzuka et al. [2] introduced an extragradient
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technique with a conjugate gradient-type direction to solve monotone variational
inequality problems in Hilbert spaces:

r

— maz{||dn], ¥}
dpy1 = _F($n) + O,dy,

Yn = PC(xn + )\ndn+1),
Tnt1 = Po(zn — M F(yn)).

Motivated by [2, 22, 26], in this paper we relax these stringent assumptions and
propose a novel double inertial self-adaptive subgradient extragradient method with
conjugate gradient direction (DI-SEGM-CG) for solving quasi-monotone variational
inequality problems in real Hilbert spaces. Under some suitable conditions, we
establish the weak convergence theorem of the proposed algorithm. Our results
improve and extend the corresponding results in [19, 26].

On

2. Preliminaries
In this section, we recall some definitions and lemmas.
Definition 2.1. Let F : H — H be an operator. F' is said to be
(i) L-Lipschitz continuous, if there exists a constant L > 0 such that
|Fz — Fy| < Ll — y||,Va,y € H.
(ii) p-strongly monotone, if there exists a constant o > 0 such that
(Fy— Fa,y —x) > olly — |* Vo,y € H.
(iii) monotone, if
(Fy— Fz,y —z) > 0,Vx,y € H.
(iv) n-strongly pseudo-monotone, if there exists a constant n > 0 such that
(Fa,y —x) > 0= (Fy,y —z) > nlly —|* Yo,y € H.
(v) pseudo-monotone, if
(Fr,y—z) > 0= (Fy,y —x) > 0,Vz,y € H.
(vi) quasi-monotone, if
(Fx,y—z) > 0= (Fy,y —z) > 0,Vz,y € H.
Minty formulation of VIP (MVIP)is defined as: find v € C such that
(Fy,y—q)>0,vq € C.

The solution set of MVIP is denoted by Sp. When F' is quasi-monotone, we have
Sp is a closed and convex subset of C'. Furthermore, since C' is convex and F is
continuous, we have Sp C S.

Lemma 2.1 ([1]). The mapping Pc : H — C which assigns to each point uw € H
the unique point w € C such that

[ —wlf <flu—yl,Vy € C

is called the metric projection of H onto C'. Some properties of the mapping Pc
include:
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(i) |Pe(z) = Po(y)l| < [z —yll, Vz,y€ H.
(ii) (x — Po(z),y — Po(z)) <0, VyeC andxc H.

Lemma 2.2 ([25]). The following statements hold in H

(i) [+ yl? = 2 + 20, ) + ly|2, Ve, y € H.
(i) llz+yl2 < ol + 2{y, @ + y), Ve, y € H.
(i) [|Ae+ (1= Ayl = A2 + (1= N)lgl2 = A1 = Nz — y[2,Va,y € H A € R.

Lemma 2.3 ([16]). If a sequence (x)ren C H convergence weakly to x, then for
anyy #x € H,

liminf ||z — y|| > liminf ||z — z||.

n—oo n—oo

Lemma 2.4 ([15]). Let {¢n}, {0n} and {05} be sequences in [0, +00) such that

Fni1 < b+ On(dn — Gn1) + 00, ¥n > 1, 5, < +00,

n=1
and ezists a real number 6 with 0 < 6, < 60 < 1 for alln € N. Then the following
assertions hold
(1) Y02 [on — dn—1]+ < +00 where [t]+ = max{t,0} for anyt € R;
(ii) there exists ¢* € [0,400) such that lim, o0 ¢, = P*.

Lemma 2.5 ([27]). Let C be a nonempty subset of H and let {x,} be a sequence in
H such that the following two conditions hold

(i) for each x € C, the limit of sequence {||z, — z||} exists;

(ii) any weak cluster point of sequence {x,} is in C.

Then there exists x* € C such that {z,} converges weakly to x*.

3. Proposed Algorithm

In this section, we state the assumptions and our algorithm.
Assumption 3.1.

(A1) The feasible set C' is a nonempty, closed, and convex subset of H.

(A2) The operator F': H — H is quasi-monotone.

(A3) The operator F': H — H is L-Lipschitz continuous and satisfies the following
condition:

whenever {z,} C C and x,, — z, one has ||Fz| <liminf ||Fz,].
n—oo

(A4) Sp # 0.

Algorithm 3.1. Choose the parameters p € (0,1), Ay > 0, p € [0,1], 0 €

[0,1] and ¥ > 0. Let ug,u1 € H be given starting points and {I',}, {&,} be

two nonnegative real numbers sequences in [0, 1] such that lim, ,- I, = 0 and

Yonl &n < 4o0. Set dg = —F(ug), n := 1. Determine
'y

Pr = ([l 9)’

(1)

and
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Compute
Zn = Up + 0(Up — up—1),
Wy, = Up, + p(Up, — Up—1), 3)
Yn = Po(wyn + Andpt1),
sn = Pr, (wn — A F(yn)),

where

N { min {uzulF”?Jny)”J?af)”;nyﬂ; A+ §n} , if (F(wp) — F(Yn)s 8n — yn) >0
An + &n, otherwise,

(4)

and T}, is given by
T, :={v € H : (w, + M\dnt1 — Yn,v — yn) < 0}
If w,, =y, = u,, then stop. Otherwise,
Compute
Unt1 = (L —=7T)zn +78Spn, n>1, (5)
Set n <—n+ 1, and go to (1).

Remark 3.1. Observe that if u, = wy, = y, which implies u, = Po(un + Andnt1),
so we know u, € S.

4. Convergence Analysis

Here we establish the weak convergence of the proposed algorithm 3.1.

Lemma 4.1 ([14]). The sequence {\,} generated by (4) is well-defined. Further-
more, limy, oo Ap = A, where X lies in the interval [min{ %, A1}, A1 + D07 &].

Lemma 4.2. Suppose that assumption 3.1 holds and 0 < 7 < ﬁ, 0<0< 67%}/%
for some 6 > 2, Then, the sequence {uy,} generated by algorithm 3.1 is bounded and
limy, o0 ||un — x*|| exists, where x* € Sp.

Proof. Let * € Sp. Since Sp C S, x* is a solution to the variational inequality. As
yn € C, we have (F(yp),yn — =) > 0, then

<F(yn)>yn - $* + Sn — Sn> Z 0’

and thus
<F(yn)vl'* - 3n> < <F(yn)yyn - 3n>-

Using the property of the projection s, = Pr, (w, — A\, F(yn)) and the definition of
the half-space T;, which involves the conjugate gradient direction d,,, we have

(W, + Andn+1 — Yn, Sn — Yn) < 0. (6)
Substituting the update rule d,,11 = —F(wy) + Bnd, into (6), we obtain
(Wn = Yns Sn = Yn) < An(F(wn), Sn — Yn) — AnlBndn, Sn — Yn)-
From y,, = P.(w, + A\ndy) and Lemma 2.1, we have
(W, + Andp — Yny Yy — Yn) < 0,Vy € C,
so, y € Ty, therefore x* € C' € T,,.



50 Tianyu Zhang, Youli Yu, Yonghong Yao

By Lemma 2.2, we have

llsn — 2*[|* = ||Pr, (wn — AnF (yn)) — Pr,a*||?
< <5n - $*a Wp — )\nF(yn) - CC*>
1 *112 1 *112 1 2 *
= 5llsn = 277 + Sllwn = 271 = Sllsn — wal” = {sn = 27, AaF'(yn)),
which implies that
[lsn — 2*[1* < |lwn — 2*[|* = |50 — wnl|* + 2(z* — 50, A F(yn))- (7)
Based on z* € Sp and (7), we get
s — 2*[1* < [lwn — 2*[1* = |50 — wal|* + 220 (F (yn), Yn — $n)
= [Jwn — "> = ||sn — wal]* = |[wn — ynl|?
=+ 2<wn - )\nF(yn) —Yn,Sn — yn> (8)
Since y, = Po(wy, + Andy,) and s, € T),, we have
2<wn - )‘nF(yn) — Yn,Sn — Z/n> = 2<wn + Andnt1 — Yny Sn — yn>
+ 2)‘n<dn+1 + F(wn)a Yn — 3n> + 2<>‘nF(wn) - AnF(yn)7 Sn — yn>
< 2>\n/8n<dnayn - 5n> + 2>\n<F(wn) - F(yn)a Sn — yn>
< 2)\n<F(wn) - F(Z/n), Sn — yn> + 2)‘nrn||yn - SnH (9)
By (8) and (9), we get
[lsn — 2*[1* < |lwn — &*[1* = |50 — wnl|* = [Jwn — ynl
+ 2)\n<F(wn) - F(yn) — Yn,Sn — yn> + 2)\nFnHyn - SnH

< lwn = 2*1* = llsn = wall* = [[wn = ynl?

A
+ an ([|wn — yn”2 +|lsn — ynHz) + AnLnllyn — 5n||2 + Al
+

. A
< Jhum = & |P= (1= (254 AT 0)) (i =yl B+ s —gml )+ AnTn.
n

Since lim;, 500 Ay, = A and lim,, oo ', = 0, one has lim, (1 — (;‘%ﬁ + Anln))
=1—p > 0. Then there exists a natural number N > 1 such that

|8 — 2*[|* < [Jwn — %2 + AT
Thanks to (5), we have
[[wnsr = 2] = ||(1 = 7)(zn — &%) + 7(s0 — 2™)|I?
= (1= llzn = 27 + 7llsn = 2*||* = 7(1 = 7)|l2n = snlf?
< (= llzn = a1 4 7 (om0 4 M) = (1 = Pl — s, (10)
and

1
||5n_an2 < ;||un+1_zn||2- (11)
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Combining (10) with (11) to deduce

-7
lans1 = 212 < (1= lzn =272+ lln =2 |2+ AT = =t 1~ 2]

1—7

< (1=7)llzn—a"|PP 47w —2"|[*~ ltnt1 =zl +Anln. (12)

T

From Lemma 2.2 and (3), we have
lzn = " |* = llun + O(un — up—1) — ||
= [1(1 +0)(un — 2*) = O(un—1 — 2")I]”
= (14 0)[Jun — 271> = Olun—1 — 27[]* + 01+ O)||un — un—1*, (13)

llwn = 2*[1* = |[un + plun — tn-1) — 2*|?
=11+ p)(un — 2") = plun—1 — a")||?
= (14 p)lfun = 21> = pllun—1 = *|* + p(1 + p)lJun — unr|?, (14)
and
[tns1 = 2nl* = llunt1 = (un + 0(un — un-1))I”
= ||(uns1 — wn)ll* + 02|[un — wn—1]]* = 20(un41 — tn, tn — tp-1)
> [[(uns1 = wn)|* + 6?||un — un—1|* = 2lJuns1 — unllllun — wn-l]
> (1= 0| (un+1 = wn)|* + (6% = 0)|lun — wns|[*. (15)
Substituting (13), (14) and (15) into (12), we have
funss — @2 < (A=r)[(10) [t —2"|[2=Bllin 1 — "] 2+O(1+8)]Jin —tn 1|
+7[(1+ p)lJun — 2|1 = pllun—1 = 2" |* + p(1 + p)l[un — un—1l[’]
L1 — ) llunsr — wnll? + (6% = O)l[ttn — tn112) + AT
=[1+7p+0(1 = 7)lllun — 2> = [(1 = 7)0 + 7p]lJun—1 — 27[”
(1—7)(6%—-0)

T

+[(1 = 7)0(1 +6) + 7p(1 + p) — |tn — tn—1]]?

(1-7(1-9)
< = 2P+ 11 = 7)0 + 7p]([un — 2|1 = [up—1 = 27[]?)
(1—-7)(6%-0)

[[ns1 = un][* + AnT

H(A=7)0(1+0)+7p(1+p) - tn —ttn—1][*+AnLs. (16)

Let
Q= [Jun — 2*|]* = (rp + 0(1 = 7)) [un—1 — 2%
(1-— T)(¢92 —0)

2 7
n n— . 1

+[(1—=7)0(1+0)+71p(1+p) —

In view of (16) and (17), we obtain

1—71

N | (0—1)2—(1—7)0(14+0) —mp(1+p)]||unt1—tnl]* + AT (18)

T
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Since T < 1—}r5, 1777 > ¢. Then,

T 12 (=101 +0) —rp(14p) > SO —1)%—2(1—7)—2r

= 00% —200+6 —2. (19)

-
From 0 <0 < 6767‘/%, we can get
60% — 260 + 6 —2 > 0.

By virtue of (18) and (19), we have

Qi1 — Qp < — (6602 — 200 + 6 — 2)||uns1 — un|* + ALy
Noting that lim, ., I';, = 0, we deduce

Qi1 — U < —(80% =260 4+ 6 — 2)|[uns1 — un||* 0.
Hence, €2, is non-increasing. Therefore,
Q= |Jun — 27|]* = (rp + 0(1 = 7))lJup—1 — z*[”
(1—7)(6*—0)
T

+[(1=7)0(1 +6) +7p(1+p) - un —up-1l®
> [Jun = 2||* = (rp + 0(1 = 7)) ||up—1 — 2*|?
= |lun — &*|* — €lun-1 — 2*[*. (20)
Write € = 7p + 6(1 — 7) and we have € < max[f,p] < 1. From (20), we have
llun — 2|1 < ellun-1 —*|* + D

< eljun—1 — z*|* + Oy

Q
< NMuy — 2|+ 2 (21)
—€
Take into account of (20), we also have
Uit 2 [funsr — 27112 = ellun — "7 2 —el un — 2|12 (22)

By (21) and (22), we derive

_ . eQn
—Qnp1 < eflun _x*HQ <€ N+1||“N - H2 + 1—
Then,
k k
(002 =200+ 6 —2) > [[tng1 — unl/> < Ay = Q1 + Y Al
n=N n=N
0 k
_ N
S ek N+1HU’N - x*HQ =+ : + ZN)‘TLPTL
n=

k
Q
< luny —*|)* + 17_N6 + Z AT, Vk > N,
n=N
which implies Y07 | [|unt1 — up||* < 400, and it follows that

7}1_>Holo |[tn+1 = un|[ = 0.
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From (16), we have

lnsr = 2*[]* < | — 2| + [(1 = 7)0 + 7p] ([Jun — 2*[* = [un—1 — 2*||*)

2 1-7
+[(1—=7)0(1+6) —I—m+ p Iun = un—1|]> + Anl'n, ¥ > N (23)
Applying Lemma 2.4 to (23), we can get lim, oo ||un, — 2*|| exists. Therefore {u,}
is bounded. O

Lemma 4.3. Let {u,} be generated by Algorithm 3.1. Suppose that the assumption
3.1 holds. If ¢* is one of the weak cluster points of {un}, then ¢* € Sp or F(q*) = 0.

Proof. By Lemma 4.2, we have {u,} is bounded, so let ¢* be a weak cluster point
of {uy}, then we can choose a subsquence of {u,} denoted by {u,,} such that
Up, — ¢ € H.

In the following proof, we first consider two distinct cases.

Case A : If limg_,o0 sup || F'(ug)|| = 0, then limy_,o0 || F'(ug)|| = limp— o0 inf || F'(ug)|]
=0, so from (A2), we can get that F'(¢*) = 0.

Case B: If limj_, oo sup || F(ug)|| > 0, then we can choose a subsequence of F'(uy, )
still denoted by F'(uy, ) such that limy_,o |[|F(un, )|| = M1 > 0.

From Lemma 4.2, we have lim,, o ||ttn4+1 — un|| = 0. Then, we deduce

unt1 — zall = |[uns1 — un — O0(un — un—1)||
< unt1 — unl[ + 0||un — un—1[| = 0,n — oo,
Hun—i-l - wnH = Hun—O—l — Un _p(un - un—l)”

< ||tnt1 — un|| + pl|tn, — tn—1|] = 0,n — o0,

1
||2n — snl| = ;Hun-&-l — 2Zp|| = 0,n — o0,

lwn = zul| = [[(wn — unt1) + (Un+1 — 20|
< Jwn = unpa|l + [funta = zall = 0,7 — o0,

|[wn = sn|| < |[wn = 2| + |[2n = snl|| = 0,n — oo.
Since {uy} is bounded and ||up4+1 — wy|| = 0, ||wy, — sp|| — 0, we can deduce that
{||wn, — x*||} and {||s, — x*||} are also bounded. Note that
A

it + AL (Jwn = a2+ |50 — yal[?)
n+1

< lwn = 2*|” = llsn = 2*|* + AT
= ([lwn — 2| + |lsn — 2 [)||wn — 27| = [|sn — 2%[]) + Anl'n
< M||wp, = $nl|| + ATy — 0,n — 0.
Since limy,_soo A, = A, limy, oo Iy, = 0, we have
nh_g)lo ||wn — ynl| = nll_{lgo |8 — ynll = 0.
From ||un+1 — wp|| = 0, |[|wn — yn|| = 0, [|tnt1 — un|| — 0, we have ||u, — yn|| —
0,n — oo, then we can choose a subsquence of {y,} and denoted by {y, } such that

Yn, — ¢* € H. By the definition of y,, y, = Po(w, + Andp4+1) and Lemma 2.1, we
have

<wn + AndnJrl —Yn,Yn — y> > O,Vy eC.
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Because dy+1 = —F(wy,) + Bndn—1, we obtain
<wn - AnF’(wn) + )\nﬁndn —YnyYn — Z/) Z O,Vy € C
It follows that
w J—
<n/\7yn - F(wn) + ﬁndnayn - y) Z 07Vy € C.
n
Hence,
Wn — Yn
(o Un = )+ Baldns yn = y) + (F(yn), y = yn)
n
+ <F(wn) - F(yn)vy - yn> > 0.
This together with Lipschitz continuity of F' implies that
Wy — Y
<%7 Yn —Y) + Bnldn, yn — y) + (F(Yn), ¥ — Yn)
n
+L”wn - ynHHy - yn|| >0,Vy € C.

So, we have

Wny, — Y
T
Since limy, o0 ||wy, — yn|| = 0 and lim,, o B, = 0, we have

0< klim Inf(F(Yn, ) ¥ — Yny) < klim sup(F(yn,, ), Y — Yn,,) < 00,Vy € C. (24)
— 00 — 00

Base on (24), we distinguish two possibilities in Case B:
Case I: Suppose that limg_,oo SUP(F(Yn, ), ¥ — Yn,) > 0,Vy € C, then we can choose
a subsequence of {yy,, } denoted by {ynk]} such that

hm <F<ynkj), Yy —= ynkj> > 07

j—oo
so there exists jo > 1 such that
(F(Wni, ),y = Yny,) > 0,V5 > jo.
By the quasimonotonicity of F', we have
(Fy,y = yny,) = 0,Vj = jo,y € C.
Since up, — ¢* € H and ||u, — yn|| = 0,n — oo, we have y,, — ¢*. Then,
(Fy,y—q") 20,y € C,

therefore ¢* € Sp.
Case II: Suppose that limy_,o SUP(F(Yn, ), ¥ — Yn,) = 0,Vy € C. From (24), we have

Jim (F(Yng): Y — Yni) = 0,Vy € C.
— 00

Next, we show the ¢* € Sp. We choose a sequence ¢, to be a positive decreas-
ing numbers and limy_,,, € = 0, for each €, let N be the smallest nonnegative
integer such that

(F(Yny)> Y — Yny) + €& > 0,VE > Ny, (25)
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F(yn,)

Since {yn,} € C, we can suppose that F(y,,) # 0 and define Vy, = TR e
k

Thus, <F(yNk)’ VNk> =1
Thanks to (25), we get

(F(yni)sy + eV, —yn,) > 0,Vy € C.
Using the quasi-monotonicity of F', we have
Fly+eVn,),y+eVn, —yn,) > 0,Vy € C,
which implies that
(F(y),y+ eV, —yny) = —lIF(y) = Fy + exVa)ll - lly + eV, — yn |
> —LllexVn || -y + eV, — ym |

L
=~ —pllell [y + eV, — ym |
1 ()| * *
—2L

> M. 26

. (26)
Since [|un — ynl| = 0, imp_yoo || F(tn,)|| = limg—oo [|F'(yn,)|| = M1 > 0, we can
find k; > 1 such that ||F(yn,)|| > %,Vk‘ > kj, My > 0. According to (26), we can
conclude that (F(y),y — ¢*) > 0,Vy € C. Hence ¢* € Sp. O

Theorem 4.1. Suppose that assumption 3.1 holds and F(y) # 0,Vy € C. Then the
sequence {un} generated by algorithm 3.1 converges weakly to a point in Sp

Proof. By the Lemma 4.2, we get {u,} is bounded. Suppose r is a weak cluster
point of {uy}, then we can choose a subsequence of {u,} denoted by {u,} such
that u,, — r,k — oo, from ||lu, — yn|| = 0,n — oo, we can get y,, — r,k — oo.
Since C' is closed, so r € C. Since F(y) # 0, we have F(r) # 0. By Lemma 4.3, we
have r € Sp and and every sequential weak cluster point of {u,} isin Sp. Therefore,
applying Lemma 2.5, we get u,, converges weakly to a point in Sp. g

5. Numerical Experiments

In this section, we present numerical experiments to evaluate the performance
of our proposed algorithm 3.1 by comparing it with several existing related algo-
rithms. All simulations were implemented in MATLAB R2016a and executed on a
desktop PC equipped with an Intel(R) Core(TM) i5-12500H CPU @ 2.50 GHz and
16.0 GB of RAM.

Throughout these examples, we compare the numerical performance of our
proposed algorithm 3.1 against algorithm of Shehu et al. [19] and algorithm of Yao
et al. [206]

Example 5.1. Following the numerical example provided by Dong et al. [6], we
consider the operator F' : R? — R? defined as:

F(x,y) = (22 + 2y +sin(x), =2z + 2y +sin(y)), V(z,y) € R

The authors Dong et al. showed that operator F'is v/26-Lipschitz continuous
and strongly monotone. The feasible set is defined as a box constraint C := {x €



56 Tianyu Zhang, Youli Yu, Yonghong Yao

R?: 10 < x; < 10,7 = 1,2}. The variational inequality problem possesses a unique
solution at z* = (0,0).

To conduct a fair and rigorous comparison, all algorithms are implemented in
MATLAB on the same computing environment. The initial points zg and x; are
randomly generated within the feasible set C' and are kept identical for all algorithms
in each trial to ensure consistent starting conditions. The maximum number of
iterations is set to n = 100. The starting points z¢ and z; were randomly generated
within the feasible set C' and kept identical for all tested algorithms in each trial.

We take |z, — x*||* < 107 as stopping criterion in Figures. The parameters
for the compared algorithms are configured as follows based on the convergence
conditions:

e Our Alg. 1: we take \y = 0.1, = 2.1,0 = O.Q‘PT‘/%,;D = 09,u = 0.8,

_ 0.9 _ 05 _ 1 _
T—mafn—nﬁ, n—ma@b—l'
e Shehu et al.: Weset Ay =0.1,0, =05and u=0.7,6 = 2.1, = 1%86.
e Yao et al. : Weset Ay = 0.1,0, = 08,1 = 09,¢ = 21,0, = {2,
§ = 0952,
10"

—#¥—Qur Alg. 1
0 5 5 . |=©—Shehu et al. (2022)
100 % Loy e — Yaoetal (2022) |1

20 40 60 80 100 120 140
Number of Iterations (n)

FiGUrE 1. Comparison of number of iterations for Example 1.

TABLE 1. Number of iterations for Example 1

Algorithm Alg. 1in [19] Alg. 1in [26] our Alg. 1
Number of iterations 131 120 67

The numerical results in Figure 1 and Table 1 demonstrate that the proposed
algorithm outperforms the existing methods. Specifically, our algorithm achieves
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the target precision in just 67 iterations, significantly faster than Yao et al. (120)
and Shehu et al. (131), confirming the efficiency of the conjugate gradient direction
double inertial structure.

Example 5.2. We consider the nonlinear complementarity problem (NCP) ex-
amined by Liu and Yang [14], where the feasible set is given by C' = R} =
{r € R™ : z; > 0,4 =1,...,m}. The operator F' : R™ — R™ is defined by
F(z) = (fi(z), f2(2), ..., fm(x))T, with components:

2 2 .
file) =oj_ +oj + vi1x + 2w — 2w +H4xi i, i=1,2,...,m,
where o = 0 and Tm41 = 0.

In this experiment, we set the dimension m = 10. The optimization is per-
formed with the stopping criterion ||x,+1 — || < 107% or the maximum number
of iterations n = 300. To evaluate the convergence behavior from a non-trivial
starting position, the initial points g and x; are chosen as vectors of all ones, i.e.,
ro=mx = (1,1,...,1)7.

The parameters for the compared algorithms are configured as follows based
on the convergence conditions:

e Our Alg. 1: We choose p =0.4, 6§ =2.1,p=1.0,60 = 0.85_(‘5/%, =29

1167
&Ild gn = %)1/} = 17Fn = ﬁ
o Shehu et al.: We set pu = 0.4, § = 2.1, 6, = 0.9°=Y% and o, = 2%.
e Yao et al. : Weset p=04,e=2.1,0=09 2 9, = 1.0, and o, = lof.

—C—Our Alg. 1
B —O—Shehu et al. (2022)
-. ——Yao et al. (2022)

50 100 150 200 250 300
Number of Iterations (n)

FiGURE 2. Comparison of number of iterations for Example 2.



58 Tianyu Zhang, Youli Yu, Yonghong Yao

TABLE 2. Number of iterations for Example 2

Algorithm Alg. 1in [19] Alg. 1in [26] Owur Alg. 1
Number of iterations 300 223 129

The Figure 2 and Table 2 reports the specific number of iterations required
to reach the tolerance 107°. It is evident that the proposed Algorithm 1 (red line)
significantly outperforms the methods of Shehu et al. and Yao et al., achieving the
fastest convergence speed. Specifically, our method requires the fewest iterations
to satisfy the stopping criterion, thereby demonstrating its superior computational
efficiency and robustness.

6. Conclusion

In this paper, we propose a novel double inertial self-adaptive subgradient
extragradient method with conjugate gradient direction for solving variational in-
equality problems involving quasi-monotone and Lipschitz continuous operators in
real Hilbert spaces. The proposed algorithm incorporates the technique of double
inertial steps combined with a conjugate gradient direction to accelerate the conver-
gence speed. A remarkable feature of our method is the use of a self-adaptive step
size strategy, which does not require prior knowledge of the Lipschitz constant of the
cost operator. Under some suitable conditions, we establish the weak convergence
theorem of the proposed algorithm. Finally, several numerical results are presented
to illustrate the feasibility and superior efficiency of our method compared to other
algorithms. In future research, we will consider relax the conditional constraints
imposed on operator F.
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