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ITERATIVE APPROACH TO FRACTIONAL BOUNDARY
VALUE PROBLEMS WITH APPLICATIONS

Muhammad KHAN', Mujahid ABBAS?, Cristian CIOBANESCU?"

The aim of this paper is to approximate solutions for a class of
boundary value problems involving Caputo fractional-order differential equa-
tions by employing a novel iterative scheme. A numerical experiment is
presented to illustrate the applicability of the method and to support the the-
oretical findings. The results obtained extend and unify several well-known
comparable results available in the existing literature.
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1. Introduction

Fractional boundary value problems represent a fundamental area of re-
search and play a key role in developing methods for approximating solutions
of fractional differential equations. Researchers are actively engaged in find-
ing, approximating, and characterizing solutions to such problems. The study
of fractional boundary value problems typically addresses the existence and
uniqueness of solutions, as well as the development of numerical methods to
solve them. This also involves exploring different types of fractional derivatives,
such as the Riemann—Liouville and Caputo derivatives, in order to establish
existence results. For further details in this direction, see [5, 10, 14, 17].

The theory of fixed points provides one of the most powerful tools for es-
tablishing existence and uniqueness results in fractional boundary value prob-
lems. Many fundamental approaches rely on Banach’s contraction principle,
Schauder’s theorem, and their generalizations to demonstrate that a suitable
operator associated with the fractional problem admits one or more fixed
points. Such techniques allow researchers to deal not only with classical Caputo
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and Riemann—Liouville derivatives, but also with more recent formulations like
the Atangana—-Baleanu derivative, which has received increasing attention due
to its non-singular kernel and applicability in modeling memory effects [15].

Recent studies highlight the broad applicability of fixed point results
in the context of fractional and iterative boundary value problems. For ex-
ample, Nastasi and Vetro employed fixed point theory to establish existence
and uniqueness for first-order periodic differential problems, demonstrating the
versatility of such methods beyond the classical fractional setting [8]. Simi-
lar approaches have been extended to time-fractional pseudo-parabolic-type
equations, where the interplay between nonlinearities and fractional operators
requires refined analytical tools [2]. On the numerical side, the combination of
fixed point arguments with approximation schemes has led to efficient meth-
ods for solving fractional boundary value problems involving Caputo—Fabrizio
derivatives [1]. Moreover, fixed point techniques have been successfully applied
to iterative and generalized Caputo fractional equations, yielding new results
on existence, uniqueness, and convergence of solutions under various boundary
conditions [6, 12].

Motivated by the above developments, this paper contributes to the grow-
ing literature on fractional boundary value problems by introducing an iterative
scheme recently proposed in the literature [4, 13] for approximating solutions
of Caputo fractional-order differential equations. Unlike previously studied
approaches, the adopted iterative process provides a unified framework that
addresses existence and uniqueness for a certain class of mappings. In addition,
a numerical example is presented to illustrate the efficiency and applicability of
the iterative procedure. The results obtained not only extend and complement
several well-known contributions in the field, but also demonstrate the poten-
tial of fixed point techniques as a powerful and versatile tool in the analysis of
fractional differential equations.

2. Preliminaries

Consider the fractional boundary value problem as:

Dix(t) =G (t,z(t)), t€ J=[a,b], n—1<&<n, neN 1
t®(a) = cp, 2V(b) =, (1)

forall k € {0,1,2,...,n—2}, where DS denotes the Caputo fractional derivative,
cr, Cp are real constants and n is an integer. The function §: J x R — R is
continuous.

We begin by recalling several definitions and hypotheses that will be
needed in the subsequent discussion. Let X be a Banach space with || - ||
and J = [a,b] be an interval of real numbers. Furthermore, we consider K =
C(J, X), which denotes a Banach space of all continuous functions from J to
X, equipped with the norm ||z||g = sup{||z(¢)|| : t € J}.
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Throughout the paper, we assume that there exists a function k €
C(J,R*) such that

15(t,2) = St y)|| < k(t)[lz — yll, (2)
for all t € J and for all z,y € X.

Definition 2.1. Let x € C'{a,b]. The left-sided Riemann-Liouwville fractional
integral of order & € (0,00) is defined as

Ix(t) = %/ (t —s)*tax(s)ds, t€Ja,b],

where I is the Euler gamma function.

Definition 2.2. Let x € C"[a,b] and let n — 1 < & < n, where n € N. The
left-sided Riemann—Liouville fractional derivative of order € of x is defined by

Déx(t) = 577; (1) Cx(t)] = ﬁ%/a (t —s)"*ta(s)ds, t€la,b].

Definition 2.3. Let x € C"[a,b] and let n — 1 < & < n, where n € N. The
left-sided Caputo fractional derivative of order & of x is defined by

1 t
Déx(t) = ISz (t) = —/ t—s)" e (s)ds, tea,b].

(t) (t) F(n—f)a( ) (s) [a, b]
Lemma 2.1 ([14]). A function x € K is a solution of the fractional boundary
value problem defined in (1) if and only if x(t) is a solutions of the fractional
integral equation

2 . c S(a, z(a))(b — a)s—*! -
x(t):;_!(t_a) +((71—1)!+ (n—<2)2%((5—72+2)>(t_“)
S
T =D —n+ 1)/a (b—5)"7"G(s,x(s))ds
—l—%/@ (t —5)*71G(s, z(s))ds

Lemma 2.2 ([16]). Let {{,} and {n,} be nonnegative sequences for which the
following inequality holds

€n+1 S (1 - ,un)gn + HUnTin,

where p, € (0,1), for alln € N and Z”” = 00, then we have

n=0

0 <limsup &, < limsup 7,.

n—00 n—oo
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In recent years, researchers have developed numerous significant iterative
algorithms to approximate the solutions of nonlinear operators. One of the
simplest and most fundamental iterative methods was introduced by Banach
and is known as the Picard iteration process [9]. Given an initial point x
in a closed subset K of a complete metric space, the Picard sequence {x,} is
defined by

Tpy1 = Tl'na

for n € N, where T': K — K is a self-mapping.

It is well known that the iterative sequence may fail to converge to the
fixed point of T' if, in the above process, the contraction mapping 7 is replaced
by a nonexpansive mapping. To address this issue, Mann [7] introduced a
foundational iterative scheme for nonexpansive mappings, defined as follows:
Let xo be an arbitrary point in a closed and convex subset K of a normed
space X. Define the sequence {z,} in K by

Tp1 = (1 - an)xn + O‘nTxna

for all n € N, where {a,,} is an appropriate real sequence in [0, 1]. The Mann
iterative algorithm may fail to converge when a nonexpansive mapping is re-
placed by a Lipschitz pseudocontractive mapping. To overcome this limitation,
Ishikawa [3] introduced a two-step iterative scheme, defined as follows: let x
be an arbitrary point in a closed and convex subset K of a normed space X.
Define a sequence {z,} in K by

Yn = (1 - Oén)xn + anTxn
Tntl = (1 - Bn)yn + BnTynv

for all n € N, where {«,} and {3, } are real sequences in [0, 1]. Sahu [11] intro-
duced the S-iteration process in order to improve the convergence properties
of the Ishikawa iterative scheme. This iterative process is defined as follows:
let xo be an arbitrary point in a closed and convex subset K of a normed space
X. Define a three-step iterative sequence {x,} in K by

Yn = (1 - (Xn)xn + anTxn
Tpt1 = (1 - Bn)Txn + BTy,

for all n € N, where {a,} and {5, } are real sequences in [0, 1].

We now turn our attention to a new iterative process, which was recently
introduced in [13]. Let 7" be a mapping defined on a nonempty subset K of a
Banach space and z € K, an arbitrary point. Define a sequence {z,} by

w, =T[(1 — ap)x, + a,Tx,)
zn =T [(1 — Bn)w, + BnTw,)
Yo =T [(1 = )20 + 1T 2]
Tny1 = TYn,

(3)

for all n € N, where {a,},{8.}, and {7,} are real sequences in [0,1]. For
simplicity, this process will be referred to as the P.J iteration.
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Further details regarding the efficiency of the iterative process (such as
achieving the fixed point value in the minimal number of steps, minimizing
the error between the exact and numerical solution, and reducing CPU time)
can be found in [4].

The aim of this paper is to establish the existence and uniqueness of
solutions to a fractional boundary value problem by employing the new it-
erative scheme. Finally, we present a numerical experiment to validate the
effectiveness of our proposed technique.

3. Convergence analysis

Define the operator T on Banach space K for the problem (1) as

n—2 ck Cp 9(a7x(a))(b_ a)67n+1 o
k:oyt_a ((n—l)!Jr (n—2)!r(§_n+2))<t—a)
(t —a)*1 b »
Gy ), 09 s
L e 1a(s a(s)ds
+F(5)/a(t )G (s, x(s))ds.

(4)
The following theorem gives the existence and uniqueness of solutions of
fractional boundary value problem (1).

Theorem 3.1. Suppose that G (t,x(t)) satisfies condition (2) and T is defined

as in (4). Suppose {x,} is a sequence defined in (3) with Zan = 00. Then,
n=0
{z,} converges to the solution of the boundary value problem (1) in K, if

_ (b—a) (b—a)"! e
(D—|:(n_2)|r(€_n+2) ((Z)+W[§ +k‘(b)+[§k’(t):|<1

Proof. We show that the sequence {z,} converges to = for the operator 7.
Using the given assumptions, we obtain

2012 () = (@) = [[(Tyn) (1) = (T2)(@)]]

c S (a, 5 (D)) (b — @)s "+
:||kz_;k_k!(t_a>k+((n—b1).+ (n—2)T(€ —n+2) >(t_“>

(t—a)"!

b e
T - D)T(E—n+1) / (b=5)""3 (5, ym(s)) ds

+ %/ (t — )G (5, yn(s)) ds
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< QCk ¢ S(a, 2(b)) (b — a)s ! o
Sl (et ey )
b §§!;(§>_;+ 5 [ =gt
- g [ =98]
19 (0 5a(8)) — S, 2B (b — @S+
(e )
b [0 919 55— St s

F(l) (t—5)S (s, yn(s)) — G(s,2(s))| ds
(a b )E n+1 o
<< n_zlr _n+2) )(t—a)
ot
+f”—DT@—n+¢y/“““fwﬂﬁn%wy—a@u@

+ % / (t = ) k(s) lyn(s) — z(s)|| ds.

Now, by taking the supremum in the last inequality, we have

k(a)(t —a)" (b — a)¢ !
st =l < (MO S O

lyn — 2|5 (t — a)"? b .
(n—DIT(E—n+1) /a (b — s)*"k(s)ds

o =2l (') et
+ NG /a(t ) k(s)d

(a)(t — )" (b— @)™
<( n—mmg n+2) )H%—wm

(t—a)" n
I + 50

< (M=o O sl
(b

it

b—afk (b—a)"!
{n—Q‘F —n+2 + (n—1)! @ k(b) 4+ Ik @) | llyn

+

+

Ik >+1§k<t>} v — 1l

_xHBa
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leading to ||z,11 — ||z < @ ||y, — x|/ 5 . Hence, we conclude that

[2n41 — zl|5 < Pllyn — 2|5
On the other hand,
Jtn = 2l = IT (1 = @) + auTaa) - Tal
<O(1 —ap)an, + a0 Ta, — x| 5
< {1 —an) l|2n — 2llp + an [ Tzn — Tl 5}
< Q{1 —ap) [|vn — 2|5 + n® lzn — 2[5}
= {1 —an(l =)} [lzn — 2l 5,

l2n — 2l = T ((1 = Bp)wn + SuTwn) — T
< @ |[(1 = Bo)wn + B Twn — x|
<1 =Fu) lwn = 2llg + B I Twn = Tl g
< (1= Fn) lwn —2llp + Bn® [lwn — 25}
= @ fjwy, — [l
< (1= an(1 = @)} l2m — 25,

and

[yn =zl 5 = T (1 = )20 + mT2n) — Tl 5
SO =)z + Tz — llp
SO (1 =) llzn —zllp+ 7 T2 — T2 5
SO (1 =) llzn = 2l + 1@ llzn — 2l 5}
= ®lzn — zflp
< (1= (1= @)} 2 — |-
It follows from (5) that

|01 — zl|p < @ lyn — 2[5
< (1= (1 = @) [lon — 2l -
Using ® € (0,1) and (1 — a,,(1 — ®)) < 1, we obtain
(s~ < @4 (1 1, (1~ @) [, — ]
0 — 2l < B (1 1 (1 — B)) s — 2]l
[z = zllp < @ (1 = an—a(1 = @) 20— — 2|l

121 = 2l 5 < ®* (1 = ag(1 = @) [lro — ][5
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This leads to

i1 =l < @ flwo — 2l [ [ (1 - ci(1 - @)).
=0
Using the facts that (1 — (1 —®)) < 1 and 1 — 7 < e7", for all
r € (0,1), we have

O [|ag — |
|Zps1 — )| 5 < s aiB, (6)

This implies that lim ||z, — 2|z = 0. Hence, {x,} converges to z. O
n—oo

Next, we will make two important observations regarding the result ob-
tained previously, which will shed light on its underlying structure and help
clarify its implications for the subsequent analysis.

Remark 3.1. [t is noted that inequality (6) provides a bound in terms of known
functions, so it can be explicitly evaluated and used to estimate the behavior of
solutions for the fractional boundary value problem (1).

Remark 3.2. The fized point obtained in the previous theorem belongs to the
Banach space C(J,R). However, since the solution satisfies the equivalent
integral equation given in Lemma 2.1 and the function G is continuous, it
follows from the properties of fractional integral operators that the solution
x possesses higher reqularity. In particular, we have x € C" '(J,R), which

denotes the space of all (n—1)-times continuously differentiable functions from
J to R.

4. A result on the continuous dependence of solutions

We begin by presenting several elements that are necessary for establish-
ing the main result of this section.

Definition 4.1. Let T and T be two operators defined on K. Then T is called
an approximate operator of T if there exists € > 0 such that

| Tz — Tzl < e,
forallz € K.
We consider the iterative sequence z,, for the operator T as

W, = T[(l — )T, + anTN:%n]
50 =T[(1 = B) iy + BT, ]
In = T[(1 =) Zn + 1TZ,]
jn-I—l - Tg’m

(7)

for all n € N, where {«,}, {f.} and {v,} are real sequences in [0, 1]. Suppose
x(t) and Z(t) denote the solutions of the boundary value problem (1) with the
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boundary conditions
™ (a) = ¢, 2V(b) =¢
i®(a) =&, V() = &,
for all k € {0,1,2,...,n — 2}.
The following theorem addresses the continuous dependence of the solu-
tions of the fractional boundary value problem (1) on the boundary data.

Theorem 4.1. Let T, T be operators defined on K as given in (4). Supp0§e
{z,} and {Z,} are sequences defined by (3) and (7), associated with T and T,

respectively, satisfying Bpvn > 3 for alln € N. If lim z, =z, then we have

n—o0

13M
lo = 2lp < 77—
1-®

where
n—2

e — &l ko, llee — Gl 4
=S Gl e = Sl gy _ gyn1,
; o Ty (b a)

Sketch of the proof. By comparing the operators T and 7" and using the Lips-
chitz condition on G, one obtains

||xn+1 - jn-‘,—lHB <M+ CI)Hyn - gnHB?
with & < 1. Propagating this estimate through the iterative scheme yields
- N 13M
Jass = Fuialls < (L= pa)llen = Zalls + i

where i, = By (1 — ).
1 o
Since 5,7, > 2 we have Z [y, = 00, and by Lemma 2.2 it follows that

n=0
o — s < 2o
S

and this completes the proof. O

We note that we have chosen to present only a sketch of the proof, as
the intermediate estimates are technical. Moreover, we emphasize that this
result is also important for the practical part, to which we will refer in the
next section.

5. IMlustrative applications and comparative analysis

Let us consider the problem

(Dg)x(t):t[w},teJ:[O,l], n—1<&<n, neN
z®(0) =0, 2" Y(1)=1,

for all k € {0,1,2,...,n — 2}.
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By comparing with the problem (1), we get
t — cos(z(¢
s(t.0(0)) = ¢ |25 0. )

5.1. Existence and uniqueness of solution

Using (8), we obtain
15t 2(0) = (6,301 < 5] -t = conta(0) = ¢ = con(ato)

< § lleos(a(t)) — cos(@ D) < & Jlo(t) — )],

t
where k(t) = 3 Now, we estimate

—a € a —a n—1
e w R e R MRS LG
(- 2)!];((,2)_ nt2) | (n _1 1)115*"“/«(1) + I°k(1)
~(n— 2)!r(% 12 _1 1)115*"“%;(1) +IEK(t)

- 1 1 — §)$ "sds L t — 8)¢ Lsds
e ) 09 g [ €9 s

1
2|

1T 1 1

. _(n_l)!r(s_wr1)3(2,5—n+1)+%3(2,5)}
o

2

1 1
xn—DWQ—n+a+r@+m}
1 1
2 [(n—1)!r(5—n+3) D)
For instance, let £ = g Then, n =[]+ 1= E} +1=2+1=23, and

}<1,then@<1.

1 1 1

. 1
‘I’Sa[(3—1>!P(§—3+3>+F(%+2> ‘5[2“%)

_ 1+8 B oms10<1
/T \3  105) 1057w~ '

We define the operator T' on Banach space K for the given problem by
t2 1 1 .
(T2)(t) == — —t2/ (1—s)"%s [%S(‘“S))] ds
0
s — cos(z(s))
2

0]

4 t

4= (t_s)%s{ }ds, teJ (9)
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Since all the conditions of Theorem 3.1 are satisfied, it follows from its
conclusion that the sequence {z,}, generated by the new iterative scheme (3)
for the operator T" in (9), converges to a unique solution = € K.

5.2. Estimation of the error

For any zg € K, we have

n

len1 = 2llp < —agysroa; w0 —lls

43 \"
VT o — 2
To — T
a €<1_ 10?3:5) Do 0 B
(wiz)
oV [
-~ 0 —
e<1_10§?/7r) o T v

1
where we have chosen o; = T € [0,1]. The resulting estimate provides an
i

upper bound for the error arising from the truncation in the computation.

5.3. Continuous dependence

Now, we investigate the continuous dependence of the solutions of equa-
tion (1) on the boundary data. In particular, for

3
co=c1=C=¢=0, =1, 6b:4_1’
we obtain
o — 5 < o
Tl =TT
—2 |lep—¢ cp—C n—
_ 13 ZZ:O Il kk! kll (b— a)k + |(rl;—1§!” (b— a) 1
- 1—®
13-1 13
= f3 = ~ 2.1134.
1-— T 6.1512

5.4. Comparison analysis

Now, we discuss the simplicity and efficiency of the new iteration scheme.
Referring to [9, 7, 3, 11], we define the sequences {a,}, {b,}, {c.}, {d.}, and
{en} corresponding to the PJ algorithm (3), the Picard iteration, the Mann
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iteration, the Ishikawa iteration, and the S-iteration, respectively:

ay =61 = a(1l = 8)][luo — =],
by =6"[Jvo — ||

Cn =[1 = a1 = 6)]"[Jwo — =],
dy =[1 — a1 = )" ||z — zf,
en =0"[1 —afB(1—0)]llyo — |,

where 0 € [0,1) denotes the contraction constant. For a given initial guess,
the convergence of sequences a,, b,, ¢,, d, and e, depends solely on the factors
Oy =51 —a(l =)™, @y =0"P3=[1 —a(l—95)|", &,=[1—a(l—4)]"
and &5 = 0"[1 — af(1 — §)]", respectively.

Therefore, Figure 1 and Table 1 present the values of these factors under
the corresponding iterative processes for the numerical example discussed in

1
this paper, with 6 = & = 0.138629441 and &, = (5, = 3 Based on these data,

it can be observed that the new iteration scheme (3) converges significantly
faster to the exact value compared to the Picard iteration, Mann iteration,
Ishikawa iteration, and S-iteration.

0.8
—e—Cbl
0.6/ -2 Pl
& | %
o -
@ 0.4 0Py
% : CD5
> o
0.2f f
q o
\‘ o,
0 egungyg'A‘AaiﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁAﬁﬁﬁﬁﬁﬁﬁﬁﬁa
0 10 20 30

Iterations n

FiGURE 1. Graphical comparison of &, &5, &3, D4, Ps.
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TABLE 1. Numerical comparison of &, 5, &3, D, O5.

No. o, (PJ) ¥y (Picard)  ®3 (Mann) &4 (Ishikawa) @5 (S-iteration)
1 0.0002102700 0.1386300000 0.5693100000 0.5096100000  0.1087800000
2 0.0000000442 0.0192180000 0.3241200000 0.2597000000  0.0118320000
3 0.0000000000 0.0026642000 0.1845300000 0.1323500000  0.0012871000
4 0.0000000000 0.0003693400 0.1050500000 0.0674450000  0.0001400000
5 0.0000000000 0.0000512010 0.0598080000 0.0343700000  0.0000152290
6 0.0000000000 0.0000070979 0.0340500000 0.0175160000  0.0000016566
7 0.0000000000 0.0000009839 0.0193850000 0.0089261000  0.0000001802
8 0.0000000000 0.0000001364 0.0110360000 0.0045488000  0.0000000196
9 0.0000000000 0.0000000189 0.0062831000 0.0023181000  0.0000000021
10 0.0000000000 0.0000000026 0.0035770000 0.0011813000  0.0000000002
11 0.0000000000 0.0000000004 0.0020365000 0.0006020200  0.0000000000
12 0.0000000000 0.0000000001 0.0011594000 0.0003067900  0.0000000000
13 0.0000000000 0.0000000000 0.0006600600 0.0001563400  0.0000000000
14 0.0000000000 0.0000000000 0.0003757800 0.0000796750  0.0000000000
15 0.0000000000 0.0000000000 0.0002139400 0.0000406030  0.0000000000
16 0.0000000000 0.0000000000 0.0001218000 0.0000206920  0.0000000000
17 0.0000000000 0.0000000000 0.0000693400 0.0000105450  0.0000000000
18 0.0000000000 0.0000000000 0.0000394800 0.0000053736  0.0000000000
19 0.0000000000 0.0000000000 0.0000224800 0.0000027385  0.0000000000
20 0.0000000000 0.0000000000 0.0000128000 0.0000013955  0.0000000000

6. Conclusions

In this research, we established the existence and uniqueness of solutions

for a class of fractional boundary value problems by employing a recently intro-
duced iterative scheme. Furthermore, we examined the continuous dependence
of the solutions on the given data.

To further validate the effectiveness of the proposed method, we pro-
vided a concrete numerical example that illustrates the theoretical results and
demonstrates the computational efficiency of the scheme. In particular, a com-
parison table shows that the proposed iterative process converges faster than
several well-known existing methods.

The results presented in this paper extend and complement several known
contributions in the literature, thereby enriching the analytical framework for
fractional boundary value problems. The proposed methodology has the po-
tential to be extended to broader classes of fractional differential equations
and more general boundary conditions. Future work may explore its applica-
bility to systems with variable-order derivatives, nonlocal conditions, or models
arising in applied sciences where fractional dynamics play a central role.
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